Review the differention formulas discussed before today.
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Example

The biomass B(t) of a fish population is the total mass of the
members of the population at time 7. It 1s the product of the
number of individuals N(r) in the population and the average
mass M(r) of a fish at time 7. In the case of guppies, breeding
occurs continually. Suppose that at time 7 = 4 weeks the pop-
ulation is 820 guppies and is growing at a rate of 50 guppies
per week, while the average mass is 1.2 g and is increasing at
arate of 0.14 g/week. At what rate is the biomass increasing
whenr = 47

B=NM
We can write it that way to simplify notationm but remembver that M and N change with

time, and therefore so does B: they are all functions of time, . A “fuller" notation would
be:

If we want to know the rate of change of B over time, we need %, and according to the

product rule,

dB _ ATdM AN

a = NG + MG
The rate of change of the biomass depends (as you'd expect!) on the number of guppies,
the average mass of each fish, and how fast both of those quantities are changing : the

product rule tells use the more precise connections among those quantitites.

Suppose that at the instant when ¢ = 4 (weeks) we have

number of guppies N =820

growth rate % = 50 (guppies/week)

average mass of a guppy M = 1.2 (grams/guppy)

rate of change of average mass of % = 0.14 (grams/week)
guppy

Then at the instant when ¢ = 4, the biomass B is changing at a rate

db — N MY = (820)(0.14) 4 (1.2)(50) = 174.8 (grams/week)
T

s grams \ - guppies\ «_s> grams
units: (guppy) weel ) week
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QU:If f(z) = 557, whatis f'(0)?
A)0

B)1

C) —1

D)e

E) —e

(2z 4 1)e” —2(e%)

Answer: Use the quotient rule: f'(z) = =575

and setting x = 0 gives f/(0) = % - 1

Note: since you only need to find the number f'(0), it is probably easier (an less prone
to error) to substitute x = ( into the derivative formula without simplying the formula

first.



Q2: For the same function f(z) = ﬁ, at what point(s) is the tangent line horizontal?
A)2

B)1

v

s

Answer:  The function f(x) is the same, so f'(x) = %

To find where the tangent line is horizontal, we want to solve f’(x) = 0, and to to that we
probably need to simplify the formula:

_ (2e41)e" —2(e") _ e"(2e4+1-2) _ e"(2z-1) _
@) ="y ~ = @y = @rp =0

Since a fraction can be 0 only if its numerator is 0, we have to solve e*(2z — 1) = 0.
Therefore either ¢ = 0 or 2z — 1 = 0 (or both). Since e” is never 0, we have
2c —1=0o0rz = % (See the picture above)



We want to find the derivatives of the trig functions.
First, foir f(x) = sinz, we draw the picture (in black) of y = f/(z) = sin x.
Then (as in earlier homeworks/examples) we try (just from looking at the graph) to draw

in the picture of the derivative f’(x). The result looks like the red graph below, and the
red graph resembles the cosine function.

So we might guess:
if f(x) = sinz, then f'(z) = cos x.

To verify that this guess is correct, we will need two limits we studied before, and a trig
identity:

lim$22 — 1 and lim<s2=1 — (0 and
h—0 h =

h—0 h
sin(a 4 ) = sin(a)cos(B)+cos(a)sin(S) *)
(/(x) — lim sin(x + }}Ll) —sinx — lim sinx cos h + co}fz sinh —sinx
h—0 h—0
lim sinx cos h —sinx + lim o8z sin h = lim sinz (cosh —1) + lim €082 sin h
h—0 h h—0 h h—0 h h—0 h

sin:t:}ling)“’”%’1 + cos z lim =0 = (sinz)(0) + (cosz)(1) = cosx

h—0



Similarly, you can show that
if f(z) = cosz, then f'(z) = —sinx

First (just as a guess) draw a careful graph of f(z) = cos x and, based on that graph,
try to sketch the graph of f/(z). The graph should turn out to look like — sin x.

cos(z +h) —cosx

Then, calculuate lim 3 in the same way as above, except that you will use

h—0

the trig identity

cos(z + h) = cosx cos h — sin x sin h.

Examples: if k(x) = e“cosx and p(x) = 2%, find k'(z) and p ()
Product rule: k'(x) = e"(cosx) + (cosz)(e”) = — e"sinx + e“cos

= e”(cos z — sinx)

. L (sinz) — (sinz)(e*)’ T T — oTain
Quotient rule: p/(z) = © (Sm)(ewggm)(e L e Rt e SR
__ e®(cosz—sinz) __ (cosz—sinz)
- e2v - er

Since all the other trig functions are “built” from sin and cos, it' now easy to find their
derivatives:

/
f(z) f(z)
sin cos
cos T —sinx
tan = sec2 x
d _d sinz\ __ cosz(sinx) —sinz(cos )
because 7-(tanz) = - (01) = P
_ coslxtsin®z 1 __ 2
- cos2z = o2z SeC™x
cotx B »
d _d/ 1 \ _ (tanz)(0) — 1(sec’ z)
because 7~ (cotz)=71-(-—) = o



seCc

CsCx

_ —sec’z __ 1 cos’x

tan?x cos?x sin?x

_ 1 _ _ 2
= sn?r cSC™x

secx tan x

because - (secz) = 4L (

1 (cos z)(0) — 1(—sinz)
) cos? x

__ sinz __ 1 sinx __
cos?x ~ cosx cosT secx tanx

— cscx cotx

da - d
because -cscx = - (

1 )_ sinz (0) — 1(cos )
sinz/ sin? x

_ __coszx_1 __
- sinz sinz cscz cotw




