
Q    What is       
 tancos

A)  
B 
C) D) 

E)  

Answer:  Use the quotient rule and the product rule:
         


cos sec tan tan sin

cos
   


so
       



The figure below shows the graph of  and the tangent line with slope  where    



The derivatives of sin  and cos  repeat in “blocks” of 4: 
          sin   cos   
__________________________________________________
           cos   sin  
          sin  cos  
         cos  sin   
        sin   cos   
                      
         cos   sin  
          sin  cos  
         cos  sin   
        sin   cos   


                                   etc.
For a polynomial , such as  for example,  each differentiation takes the     
degree down by 1 so when  gets big enough  forever thereafter.     

(This shows, by the way, that it would be impossible to find some very complicated
polynomial with the property that sin “sin " cannot be written as a      
polynomial no matter how big the degree to the polynomial.

Q :   What is the 239  derivative of sin cos  ?     th

A)   sin cos     

B)  sin cos      

C)  sin cos     

D)  sin cos      

E)   sin 239 cos      

Answer:  Since the derivatives of sin and cos repeat in blocks of four, we see how many
such blocks there are in , so the 239 derivative is the 3rd inside     th
the 60 block of four:th

 cos sin    (answer A)      



Example: A weight is a rest fastened to a hanging spring (so, in “resting” or
“equilibrium” position).  The weight is then pulled down 5 cm (stretching the spring even
further) and released.  The weight then bobs up and down (due to the force of gravity
(down) and the force of the spring pulling up)

  
      black, solid curve;  red, dashed   
      curve;  blue, dotted curve 
After  seconds:
position velocity is cos   (cm)    sin             



speed acceleration                sin sin   cos   
 




(Notice that the example is set up so that “ ” is the  direction.”down positive
   , and  are shown below)
This “up/down” motion of the weight is called “simple harmonic motion.”  Here are a
few observations about what's happening:
 the weight oscillates up and down between   (max/min possible  values)   
 the period of the oscillation is  
   speed sin    
  smallest speed which happens when sin     
                 
       cos           
  so speed smallest when  cm/sec (highest and lowest positions of   
     the weight)
  largest speed  cm/sec, when sin       
              
               cos   
     so speed largest when weight passing thru rest position    



   magnitude of the acceleration |cos , smallest when cos        
       
        (rest position)     
For those with a bit of physics:
 
  is negative (net force  acting upward) when  is positive (that is, when    
  weight is below the resting position)
       
  is positive (net force  acting downward) when  is negative (that is,    
 when weight is above the resting position)       
  



A new differentiation rule, for differentiating functions constructed by composition.:  the
Focused today on what it says/how to use it.  (Why does it work, and additional examples:
next lecture).

Example that illustrates the chain rule in a situation so simple that it is clear that the chain
rule “handles the situation correctly”)

Mary is driving east down a straight highway at constant velocity. Her position
(distance from the starting point) at time  hrs is given by
   0  where  is measured in km      
Mary's velocity  0     (km/hr)   

          
    

John starts at the same point and time  His position is described in terms of Mary's
position:
   (so, John has always traveled twice the distance    
           Mary has traveled)
What is John's ?  The obvious answers is that since he always has coveredvelocity
twice Mary's distance, he must be going twice as fast.
  John's velocity   (km/hr)   
Since John's location is described in terms of , and  depends on , then John's  
location could be described in terms of :          0 .
So both derivatives  make sense. 

 
Here's how the  works in this situation:chain rule
  John's velocity    

   
:
             
    0  (km/hr)      
Informally, this just says
  “twice as fast as Mary” “Mary's velocity”

  
 



Chain Rule   Suppose  and  are differentiable functions and that we have a 
composition  
       
That is:s as        .  where        
So we can think of both
 “  is a function of ”   and “  is a function of , where  is a function of .”     

The chanin rule says that the compostition is also differentiable, and that the formula for
its derivative is:
    which could also be written in “function notation form” as 

  
 

 if , where  then                         
        
        

 
       
Example    what is  ?            



 one notation: where               
    
    

  
                

 alternate notation:    where               

.                  

                  

              

In general  (compare to previous specific example):  suppose  is a differentiable  
function of and the       
.
  If   where      

 Then           
   

           
                  
  or: if then               



Example:    if sin sin  then          
  

  sin 
 cos

           
       

  
Example:     sin    
Write   sin  where     or  where sin                
             
         
  
 cos   or   

   
              

        
  cos               

  cos     cos     
        cos  
In general, (compare to preceding specific example):  suppose  is a differentiable  
function of and that sin sin     
.
  cos    (sin  cos  

 
  sin          or

Similarly:
  sin   (cos  sin   

 
  cos            or

  sec    (tan    
  tan       or sec     

     etc. for the other trig functions

Example tan sec ,   then        sec sec  sec tan 
   



Q3:   sin sin cos is a trig identity    
If you differentiate both sides of the equation, what is the new trig identity that you get?
A)  cos sin     

B)  cos cos      
C  sin cos       



D)  cos cos 
    

E)  cos cos sin     

Answer:
   sin     sin cos    
 take derivative   take derivative   

 

    
 cos    sin sin cos cos           
 
 cos    cos sin     

  
  
  


