Review

The Chain Rule Suppose f(u) and g(x) are differentiable

Let y = h(z) = f(g(z)) so
y=f(u),  whereu = g(x)
Then h/(z) = f'(u) - ¢ (=) = f'(9(2)) - &' (=)

dy _ dy _ du
dz — du dz

Example: y = u” where u is a function u = g(x)

d dy dy —1ds _
p=gt=ru ' o (g(2) =rg(x) ' (z)
To take a specific example: 1

y = T — (333 +:C2)_1/7
SO y = u Y7 where v = z* + 22

dy dy du - U -
b e (- T = (= (a4 ) (302 4 20)

_ 322 + 2z
7@+ a?) %)




Some Differentiation Rules Involving the Chain Rule
In each formula, u = g(x) is some differentiable function of x

Y 7 Example
T r—1du _ 1 (3 2\—1/7
y=u LA 7= 9_7(x3+x2) = (z° +27)
B = — 123+ 22)8/7(32” + 22)
_ _ 3z + 2z _ _ 3z + 2z
7V 23+ 22)8 7 (23 +22) /a3 422
y = sinu cosu 9% y =sin (° +2?), % =cos(z® + 2?) (327 + 21)
= cosu — sin u 2% = cos(tan x 9 — _ sin(tan x) sec’x
Y dz | Y ) dz
y=tanu sec’ut | y = tan(2? + cosz) % =sec?(z® + cosx) (2 — sinx)
= secu | secw tan u %% = sec(2e” @ = sec(2¢e”) tan(2e”)2e”
y d;z; y dL
2 2
y = e el Z_’txt y=e" +tanz % — ¥’ ttanz (21. + sec? JJ)

Why is the Chain Rule true (approximate argument: it has a small logical hole and fixing
it is a little complicated — the fix is in the text. The approximate argument gives the
“heart” of the idea)

For differentiable f, g :

y = h(z) = f(g(x)) so
y= f(u),  whereu = g(z)

By definition, %* = ¢/(z) = lim

Note that as Az — 0, it must be that Au = g(z + Az) — g(x) — 0

(because : lim % = ¢/(x) since g is differentiable, and therefore

Ax—0
lim Au= lim 2%4Az = ¢(z)-0=0
Az—0 Az—0 Az g ( ) )
dy _ pr 1 f(u—|—Au)—f(x)_ : Ay
and =~ = f'(u) = lim = lim —
w f( ) Au—0 Au Au—0 Au
So dy, du — f(y) - ¢'(x) = lim AY | iy Qu
du dr — 9 - A0 Au A:c—>0A‘r
_ . Ay . Au
= lim = - lim &=
Az—0 Au Az—0 Az
T

since Ax — 0as Au — 0) **
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Note ** . As Ax — 0, it might happen that Au = 0. Whether that happens depends on
the particular formula for g(x) because Au = g(x + Ax) — g(x). (To take an extreme

illustration, suppose g(x) = 0, a constant function!) If that happens, ﬁ—z in the

calculation wouldn't make sense. This problem takes a little work to navigate around. .
Those interested should see the textbook, or come and talk with me!

Example:
Ql: Suppose w > 0 and that b > O1is a constant:
i) Simplify: e"* =
i) Simplify e* "t =
iii) % CRE = (use the Chain Rule)

iv) 4 (h*) =

Answer for iv)
A) b*
B) (Inb) b* !

C)  (Inb)at?

D) (Inb)b”
E) b2x
Solutions: i) el = wsince Inz and e” are inverse functions

ii) Property of logarithms: e” "t = el?" = p*
iii) Chain rule: letuw = zInb. Then fLe* = e" 9.
So Lerb = eIt (3:1nb) = (Inb)e”

iv) Since "’ = b?, we have -Lb* = (Inb)b”



New Differentiation formula: -£5” = (Inb)b*

For example: -£27 = (In2)2” (~ 0.6927)

437 = (In3)3" ~ (1.1)3"

Le? = (Ine)e” = e* (sincelne = 1)

Combined with the chain rule: if u is a function of z, -Lb" = L (p*) 44 — (Inp)p 2

Example:

Q2 If f(z) = 2", whatis f/(1)?

A) 2In2
B) 41n2
C) 21n4
D) 2
E) 0

y = 2%, where u = z?

% = (In2)2"% = (In2)2%(2x), so f'(1) = (In2)2'(2(1)) = 4In 2.



Implicit Differentiation (introduction)

Example: 22>+ y?> =4

(2, sqri(12)

The circle is not_the graph of a function: for example, when x = 2, there are two y

values: y = + /12 = £2./3.

If we solve for y in terms of x, we find two functions in the picture:

y=f(z) =116 — 22 (the upper semicircle)
y=g(zr) = — /16 — 2> (the lower semicircle)

We can work separately with each “branch” of the formula

dy —r

&= Jlo—m (for the upper function)

dy . x :
i = Jiom (for the lower function)

The tangent line at (2, \/12) has slope \/1‘62—_4 = \7—12—2

The tangent line at (2, — 1/ 12) has slope \;1(6_3)4 = _\(/_1_;)
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We can handle such questions for 22 + y? = 16 because we can easily solve
2?4+ y?> = 16to gety = f(z) or y = g(z) and then work with whichever formula is
appropriate.

For a more complicated curve (for example, 22y — 4xy + Ty — x = 3) it would not be
easy to solve for y = ..., yet we might still want to find the slope of the tangent line at the
point (1, 1) which is on the graph.
We illustrate the method still working with 22 + 3> = 16 :

Imagine that we have solved for y = h(z) but don't actually do it

Then we have 22 + y? = 22 + (h(x))? = 16

Differentiate both sides of the equation with respect to variable x (using the chain rule
on(h(x))? to get:

2x + 2h(x)h (z) = 0 or  2r+2y% =0
Then solve for A'(x) to find
2h(x)h () = =2z
W(z) = 2;%;’) = — 5= — 5 (wherevery # 0)
|
dy
dx
This gives use a formula for h'(z) = j—f without every solving for an explicit formula
y=h(z)=727
A “downside” is that the formula A/ (z) = — - involves both  and y, but the formula

can still be useful.

i) At (z,y) = (2, /12), the slope of the tangent line is _7‘” = _—12, just as

before
ii) Since we never had to say whether h(x) was representing to top or

bottom semicircle, the same formula works for both. At (2, — 1/ 12) for example, the

e =T =2 2
slope of the tangent line is il il rE

Notice that the formula agrees with what we calculated before in general:



Y= f(z) = 16— 22 j_!lf ==L = (for the upper function)
y=g(z) = — /16 — 22 % = \/ﬁ = =, = - (for the lower function)

z)

Notice theat these formulas only fail when y = 0: that is, at the points ( & 4, 0) on the
graph. At those points, there is no slope for the tangent line because the tangent lines to
the circle are vertical!




