
Practice with implicit differentiation and notation:
 Notation reminders:
     “take the derivative” (vague about what the variable is) 
    “take the derivative, treating  as the variable”

  
 Suppose   
    “take the derivative of , where is the variable”

   
          this might also be written as 
 Suppose     

 These all mean the same thing 
   

               
 The  can be written in various ways: second derivative all of these mean the
 same thing
    

   
                   

 


 ______________________________________________________
 If    (any differentiable function of )        
 and       

 Then note   (because  implies treating  as the variable) 
     

  
  for   we are supposed to have as the variable that is,but 

    
      we are thinking of  as some function of , say 
     .  The chain rule is needed.  
 So (in two different notation styles)
    

            
  

  
What is the second derivative,  ? 

 
   

     
           

                   
       

  




or           
               
               

Example   sin sin sin cos sin  
   

                 
   



Q1:  Here is an ellipse:       

The derivative will exist for all 's in the interval  
      except:

( )be prepared to justify your answer; but no calculation should be needed !!
A)  all except where        
B)  all except where        

C)  all except where        



D)  all except where         



E)  all except where       
 

 

Answer:   gives the slope for the tangent line to the curve.  This “makes sense”.
according to the graph, at all points on the graph except      At each of those

points, the tangent line is a vertical line, which has no slope.
(Notice also that the tangent lines appear to be horizontal at the points  you   
expect the derivative to be  ar each of those points,



Q2:  If  is a point on the ellipse, what is the slope of the tangent line at that point? 
         

A)  B)  C)    
  

D)  E)    
 

Answer:        

 Differentiate both sides     
 with respect to 

 imagining that we have
 solved for  in terms of   
   
 Solve for     so   

    
          

At the point  on the ellipse, assuming           
 



Compare the formula to the observations about tangent line slopes that we made in Q1.
In particular, there is no derivative at the points             



  sin sin sin      

Note that  is a point on the curve. A magnified look at a little piece of the curve near 
    shows the graph of a function that has a tangent line at shown in red.  What
is the slope of the tangent line at ? 
There is no chance of solving to get an explicit formula  for that function.  But we  
can still find using implicit differentiation:



 
sin sin sin      
Take  of both sides:



 cos cos cos         
 



 cos cos cos             
 

Substituting  gives  , so               
we get  at   

      And in the figure,  looks reasonable for the slope of the 
tangent at     )



There are 6 inverse trig functions:  arctan arcsin arcsec  
     arccot arccos arccsc  
These should already be familiar from trig/precalculus.  See review section 1.5 in the
textbook.
You should read about all 6 functions in Section 3.5.  You are responsible for
remembering only the information related to arctan arcsin , arcsec  
This lecture reviewed the arctan and discussed its derivative.  The TAs will quickly
review arcsin and its derivative in the discussion section tomorrow.  You read about
arcsec in the textbook.
For tan we restrict out attention to one “branch” of the graph:         

 

For    tan ,   there is an inverse function   arctan (or tan      
                          

        this means:
       
         tan and  is in      

               ||
       “  is the angle in  whose     

         tan is ”
       
       so, for example:  arctan  

         arctan     
         arctan  

         arctan  
 





Example: Simplify sec arctan  in terms of   
Let arctan  = angle in  whose tangent is         

     could be positive (and  a positive angle) or  negative (with  a negative angle)
Draw a picture of a right triangle ,  in         

  ) where tan

 
Then cos = so sec       adjacent side

hypotenuse 


 


        
so sec arctan sec           

Finding the derivative for   arctan
We know that    tan arctan   
Take of both sides  sec arctan arctan

       
(using the chain rule)     
Solve for (arctan   arctan        

 sec (arctan 

       
      (using preceding example, with   

Examples:   i) combined with quotient rule:    
   

    arctan arctan
(arctan 



       ii) combined with chain rule: arctan ) arctan where          
    
       

       
        

 
               

 



Q3:  If what is  ?       arctan  

A) 1
B) 0
C) e

 arctan

D) 
 arctan

E) 
 arctan

Answer: again, a chain rule (twice) problem:
  where   arctan       
   arctan , where      

  
      

                 

     arctan  
 


 

     


arctan 


So     


arctan


