Differentiation of exponentials:

y =flz)= y = f(z) = a'®
W= f'(z) = 1na) W = f'(z) = (Ina) /@ - ¢/ (z)

y=f@)=¢ y=fla)= edt)
o =[(x)=e¢" &= f'2) = ¢()
Review: highlights about logarithms/exponentials
a>0,a#1: y = a” y = log,z (z > 0)
logs and exponentials are log,(a®) = x (all x)
inverse functions al°z(®) = g (x> 0)
anx
log (x)
a
¥ =X

Graph of a® (for a > 1) and log,x

(— 00, 0) = (0, 00)

log, =
Properties of logarithms (all bases):

1) loge(uv) = logau + logev
2) log,(%) = log,u — log,v
3) log(u") = rlog,u




Getting a formula for the derivative of log,x

o — o
(a2 )" = gl°¢* (Ina)(log,z)’ =1
(loga)" = (1na)1alogaz = ln(i)w
when a = e
dy;if/(x) z_loglx ydy if/(:v) —_lrllx
& =1'®@) = @z =@ =1
Combined with the chain rule:
Pt AN W i S AR
i = 1'@) = Gy 9 (@) i = '(@) =5 -d(x) = 35

Therefore
d 1 1
2 10810T = Tm1) ~ @
d 2 1 _ 2
22 10810%° = 2(ito) * 2% = (o)

Notice how properties of logarithms could have been used in the last example:

logipz? = 2logiz, so ‘Llogigz’=-L2log)x = 2(x1n1(10)) x(hflo)




Using properties of logarithms to simplify some differentiations

Q1. Use properties of logarithms to simplify In (7“22;1) as much as possible
Inyz2+1
A) nln(re” )

B) Inyz?2+1—Inzln(e")
C) iln(z?+1) —Inz + In(e”)
D) iln(z?+1)—Inz—=z

E) Iny/2?2+1 — In(ze®)

Answer lnln(f;)l =In(\/22 4+ 1) — In(ze®) = In((z% + 1)/2) — In(ze")

=1iln(z>+1)— (Inz+Ine”) = ln(z + 1)~Inz — z

rev

Q2. Ify = f(z) = In (V“‘Q“ ) find f'(1).

A -1
B) %4—6
c) -3

7
D) -1
E) :

Answer: Using properties of logarithms as in Q1:

SO fl@) =37 20— 1—

(Call this derivative “ * ” for future use)

so fl(1)=3-1-1= -3



Example Find ¢ (x)ify = g(x) = {12:_1

Here, there are no logarithms in sight to help us simplify. However, mentally, we note

that if we had In ( Vo 1 ), we could use logarithm properties, as in preceding example,

xre

to simplify. So we make this happen by taking “In” of both sides (this technique is called
logarithmic differentiation):

y =YY"t 50
(*%) Iny =In(Y2 1) = lin(z? + 1)~Inz — =

Since y = g(x) is a function of =
Liny = Ling(z) = 9@ — i

Differentiating both sides (%) of equation (**) gives

L,_i.ln(vl‘z'i‘l)_;.;z?r 171

xe’




Example y = f(z) = 2"
Notice that the formula %a"’ = a”(In a) does not apply since in this formula, “a” must

be a constant:
to write —m =x%Inx IS WRONG !/

Also the formula %x“ = ax""! does not apply since in this formula, “a” must be a
constant.

to write %x”’ = gzt = 2% IS WRONG !!

Use logarithmic differentiation:

y =a°
Iny = Inz” =zxlnx
Differentiate
both sides (L) ﬁ—' =z(1)+ ()nz =1+Inz
Solve for 3/ Y =y(l+nz)=2"(1+Inzx)=2"+2"Inz

Notice, curiously, that
correct answer ©° + x*Iln x = sum of the two wrong answers!

This is merely a curiosity, an example of a case where “two wrongs make a right”

Another useful formula: f(z) =In|z| Flz) =2
. ) .
Inx ifx >0 = ifz >0 X
f(iv)_{ln(—x) ifz <0 { _1 ifx<0—5(forallx7é0)
So  f(z)= ln |£l:| flz) = lnlg(m”
fl(z) = and (chain rule) f'(x) = Z((f

The absolute value “disappears” during the differentiation. This formula is “more
powerful” than the one for In(z) because

In x only makes sense for x > 0 while  In |x| makes sense for all x # 0
and 1s the same as In z if x happens
to be positive.



Example Y= 7 If we did logarithmic differentiation, we'd write

Iny =1In(;75) =Inz —In(z + 1)
Yy —1_ 1
) Tz r+1

But this calculation is really not justified for any = that makes y negative (for example, at

T = — %) since in that case, In y doesn't make sense.

But suppose we write

Y= z+1
80 |y| = \I‘jﬁ-‘l|
Infy| =In (545) = Infz| — In|z + 1]

which makes sense for all z except z =0and x = — 1
In particular, this equation makes sense when xr = — %

By the differentiation formulas above, the | |'s “disappear” during the differentiation and
we get

/

Y 1 _ _1_
y Tz z+1

P _x (1 1
S0 Yy = :1:+1(:1: :1;+1)

This is exactly the same formula as before (***), but the calculation is justified for any x
exceptx =0orx = — 1!



