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Answer:  Let tan  
 Then       
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A famous limit for  
 Let ln  
 , but we know that , so lim

  
     ln ln           

 So, as      ln ln ln    
 

      ln ln         





 Therefore as   

        ln 

 Since we get that                ln


  
 lim

 This is a nice limit showing the value of  but even more famous/useful is:
 In the equation   , substitute so Since aslim
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             



 we get   
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
 



    )   lim

     

   
Q2: What is     ?lim  
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This limit resembles the limit (*), so we substitute to make the resemblance stronger:
 Let so .  Note that as we also get            



So   lim lim lim  

                    

   
 



There are lots of application of the derivative as a “rate of change”--see section 3.7 in.
the textbook
One example: An object moves along a straight line.  Given its position  at time  we    
can figure out a great deal about its motion.. Suppose            
Then the .velocity is              

 

The velocity  when  or   The velocity   when            
both  when             and  are positive,  and  both are negative.or
So when  or when Positive velocity indicates motion in the positive         
direction:  that is, to the right if the motion is along the standard horizontal axis.
The table of values, below, may be handy:
 The object moves to the right for all    
 At time , the object is at where for an “instant” its velocity is        
 For times from  to , the object moves left, reaching  when , where  again.           
 For all times , the object moves to the right.  
 Notice that              net  between times change in position  
 and : comparing positions at the two times, the particle is 16 units  of where it to the left
 started at time    
  But (or even !) is not the same as  between times and      total distance traveled
 times   To figure that out, we need to take into account total distances traveled        to the left
    total distances traveled , without any “cancellation” of positive and negative to the right
 directions:
  Between times to 1 particle moves only to the  left:  the change in      
  position is Total distance traveled is           
   (moving to the left).      
  Between times  and , the particle moves only to the right and the     
   change in position is Total distance traveled is        
  | |    
  So between times and , the  is        total distance traveled
  | |               The “intermediate” time   
  comes into the calculation because that's the time between  and  where the object  
  changes its direction of motion.

                         
           position         velocity          speed
  ____     ____    _____
 



      3       18         24  24
    2.5     26.5      10.5  10.5
              
      2       29         0    0     

             
  1.99 28.999 0.1794  0.1794  

              
               

    1.5       27      7.5     7.5   
 1       22      12   12 

   0.5     15.5    13.5   13.5 
       0        9       12   12 
     0.5        4     7.5     7.5 

              
                

          0.99        2.0009 0.1794 0.1794  
              

       1        2          0    0    
              

     1.5      4.5       10.5  10.5
      2      13         24  24
     2.5     29       40.5  40.5
      3      54         60  \



The acceleration of the object is , so when 
when 
when 

           
     

    
   
  













The table below summarize some values of speed when (top blue section) and    
when  (bottom blue section) Notice in table that  
   *   when    and   , then the speed is increasing (in the negative
   direction. This is became the object is moving left (negative  and the
   negative  is making it gather even more speed in that direction.
   ** when  and , then the speed is increasing (in the positive     
   direction).  This is because the object is moving to the right (positive
   ) and the positive acceleration is making it gather even more speed in
    that direction.
   * and ** together say: speed increases when  and  have the same 
    sign
   When  and  have opposite signs, then the speed decrease.  The 
   acceleration is the opposite direction to the velocity and the force
   produced by the acceleration causes speed to drop.  (If you're driving
   east positive direction) and apply the brakes, the acceleration is
   negative (“deceleration”) and slows the car.
                      
           position         velocity          speed
         ____     ____    _____       ________  
      3       18         24  24
    2.5     26.5      10.5  10.5   
      2       29         0         
    1.5       27         7.5             7.5 accel.    when 

 1       22      12            12 
     

______________________________________________________________________
       0.5     15.5    13.5   13.5 accel 0   when 

______________________________________________________________________
                
   0        9       12   12 
     0.5        4     7.5     7.5      

  1        2          0    0   
     1.5      4.5       10.5  10.5  
      2      13         24  24 accel.    when       

     2.5     29       40.5  40.5
      3      54         60  



Since  and  are derivatives, you might want to compare the “physical”  meanings to “slopes 
of tangent lines” in the following graphs.

                                     
________________________________________________________________

One more application: rate of growth of a population
Suppose a population of bacteria contains  cells at time  and that the population   triples in size each hour.  Then at time , the size of the population  is, for example 
                          
              

   etc,
This suggests (discussed in class) that we can model the population size by the equation
       

 The rate of change of population size is  ln
     

Suppose the initial size of the population if  cells.  At time , for example, we have the population growing at a rate of  
          ln  cells/hr


