Q1: (True/False) If f is differentiable, then % flx) = I'2)

A) True B) False

Answer: True Use the chain rule, y = \/u where u = f(z)

d dy d du
bl = e L ()
Q2: (True/False) If f is differentiable, then % f( \/; ) = ;”(w;

A) True B) False

Answer: False

5 . x)—g(2
Q3: (True/False) If g(x) = z°, then hm%

z—2 *

= 80
A) True B) False

Answer: True Notice that lir%% = ¢(2). But ¢(z) = 5z, so
¢(2) = 5(16) = 80.



y = some quantity, a function of time. For example

y = size of a population at time ¢
y = mass (g) ff a radioactive substance at time ¢
y = $ in a bank account at time ¢

Sometimes y changes (grows/shrinks) sin a way that rate of change is proportional to
amount present, that is

% = ky k is a constant

This can also be written as % = k. This says that JTt(the relative growth rate) is

constant (not changing with ¢).

(i) For example, if a population y had 1000 people at time t and
gy = 10 (people/yr), then the relative growth rate is %
= ﬁ (persons/yr)/person — a relative growth rate of 1% / yr.

If % = kt, is true, then this rate never changes from one time to another.

ii) The constant k could be negative, in which case % and also the relative
growth rate are negative: a “‘negative growth rate” is interpreted to mean that
the quantity y is getting smaller rather than “growing.”

So if % = ky, then what could y be? y = ??

% = ky is called a differential equation (an equation connecting
an unknown function y and it's derivatives). A solution for the
differential equation is a function y that “works.”

The equation has many solutions. For example if C' is any constant,
y = Ce is a solution: we can check that it “works”

W = pCet = k(Cel) = ky!



In fact (Calculus II), there are no other solutions:

For any given k : the solutions for only % = ky are the functions y = Ce*?

And substituting in ¢t = 0 tells us something about C' :
y(0) = Cel? =C

kt

So the solutions are actually: y = y(0)e™  (or, abbreviating y(0) as y)

Yy = yoekt

: : : : . dP _
Example A population P is growing at a constant relative rate: ;- = kP. Atthe

beginning, P = 30 (millions) and, after 2.3 years, the population is 43 (millions) What is
the population after 4 years?

Py = P(0) = 30, so the formula for P is
P = PyeM = 30e

Since P(2.3) = 43 : 43 = 30eF23) | 50

43 _ 2.3k

30

3

u
In(4) = 2.3k, so k = %) ~ 0.1565

the formula for P is actually P = 30e"-150%,

Therefore P(4) = 30e’ 1% ~ 56.1035 (millions).

Example Is it reasonable for a population to grow (over a certain period of time) at a
constant relative rate £? The answer is “yes” if during that time all conditions are
favorable — that is the population has a sufficient food supply, sufficient space, lack of
significant predators, .... etc.

This was roughly true for the U.S. population in the early years of the republic, so a
constant relative growth rate would be reasonable.

Assume that P = U.S. population (in millions) satisfies ‘fi—f = kP so that

P = Poekt



Here, we will use ¢ in “decades” since there has been a U.S. population census
(mandated by the constitution) every decade since 1790.

From the census data, population in 1790 = Py = 3.929 (million)
The population each decade to ¢t = 7 (1860) is charted below.

U.S. Population (in millions) based on census, 1790 - 1860
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I used the census data (not shown here to make what I thought was a reasonable estimate
for the constant growth rate k ~ 0.2948

With those assumptions, we get the equation P = 3.929¢0-2948¢

As you can see below, the graph of this function actually fits the data very well over for ¢
between 0 and 7.
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Example A mass m of a radioactive substance decays over time into more stable
isotopes, giving off energy in the process — so m is a function to time that decreases as
time passes. Experimentally it can be determined that the relative (negative) growth rate
is constant. Therefore

dm kt

g = km and so m = mge

Specifically, after 1 year, a mass of tritium-3 has decayed to only 94.5% of its original
size. At what time ¢ (called the half-life for tritium 3) does only 50% of the original
amount remain?

We know 0.945mg = mge”!. Canceling the m from each side and taking In of both
sides, we get

k =1n(0.945) =~ — 0.0566
So P = myge0-0566¢

The half-life is the time ¢ for which %mo = mye 00566

Canceling the my's and taking In of both sides gives ~

1
half-life t = —ozl — 202 19 246 yrs,

If you wanted to know when only 20% of the original mass still remains, you'd solve for ¢
in the equation 0.2mg = moe 9506 and get t ~ 28.4353 yrs.



Example (to be continued next lecture)

A = $ in an account at time ¢ (yrs.)
It earns interest at an annual rate » (r = 0.02, for example, for 2%),
compounded n times/yr. (For example, n=4 is “compounded quarterly).
This means that in each of the n annual compounding periods, the interest rate %

1s used.

In the first compounding period, Ay grows to Ay + %Ao =1+ %)Ao : each
compounding period multiplies again by (1 + %) Since there are n compounding
period each year, after 1 year A has grown to

02
(14 2)"Ap
. . 02 \n-2
after 2 years (2n compounding periods), the account has (1 + ==)"*4,
and ...
. . 02
after ¢ years (nt compounding periods), the account has (1 + 7)’“&40

The same pattern holds for any other interest rate r : if the annual rate is r and there are
n compounding period each year, the after ¢ years

A= (1+ 2)" A,

Example : Ay = $5000 invested for 10 years at » = 0.02, grows to A :
n =1 compounded annually A =5000(1 + )1 ~ $6094.97
n = 4 compounded quarterly A = 5000(1 4+ 42)'% ~ $6103.97
n = 12 compounded annually A = 5000(1 + 12)!%12 ~ $6106.00
n = 365 compounded daily A =5000(1 + 3&)'0365 ~ $6106.98

What happens as n if we compound every minute? every second? every
nanosecond? Does A — o0 ??

SEE NEXT LECTURE




