Ql: If f(x) = (sin*z + cos® z + tan’x ), then f'(%) =

A) 0 B) 1 0)2 D)3 E)4

2

Answer: Simplify first: f(x) = sin’z + cos® x + tan’z = 1 + tan’x = sec’z = (sec z)?

So f'(z) = 2secx 4L (sec x) = 2secx (sec x tan ) = 2sec’w tan
(Note that %(1 + tan’z) is also a straightforward calculation giving the same answer.

Simplifying sin® x + cos® x = 1 is certainly a help, but there's really not much gained by
using 1 + tan’x = sec’z)

So /(%) = 2sec®Ttan T = 2(1/2)*(1) = 4.

Q2: Ify = €2, theny’ = 2e
A) True B) False

Answer: False (e is a constant so e = ()



Example (with recap from last lecture)
A = § in an account at time ¢ (yrs.)

It earns interest at an annual rate r (r = 0.02, for example, for 2%),
compounded n times/yr. (For example, n=4 is “compounded quarterly).

This means that in each of the n annual compounding periods, the interest rate %
is used.

In the first compounding period, Ay grows to Ay + %Ao =1+ %)Ao : in the same
way, each compounding period multiplies “what you now have” by (1 + 2) to include
the interest for that period. Since there are n compounding periods each year, after 1 year
Ap has grown to

_ 02
A=A 1+5)" (9
after 2 years (2n compounding periods), the account contains A = Ay(1 + %)”'2
and ...
. . 02
after ¢ years (nt compounding periods), the account has (1 + T)MAO

The same pattern holds for any other interest rate r : if the annual rate is r and there are
n compounding periods each year, the amount ($) after ¢ years is

A= (1+ )" A,

Example : Ay = $5000 invested for 10 years at » = 0.02, grows to A :
n =1 compounded annually A =5000(1 + )1 ~ $6094.97
n = 4 compounded quarterly A = 5000(1 4+ 42)'% ~ $6103.97
n = 12 compounded annually A = 5000(1 + 12)!%12 ~ $6106.00

n = 365 compounded daily A =5000(1 + 3&)'0365 ~ $6106.98
What happens as n if we compound every minute? every second? every
nanosecond? the amount you have after ¢ years grows. But big can A get just by
increasing n? Does A — oo if the number of compoundings/year — c0?



Calculate: A = lim Ag(1 + %)nt

n—oo

We know that lim (1+-1)™ = e, so we substitute to make the problem

m—0o0

look more like this limit that we already know.
Let - = % Then n = mr and m — oo automatically as n — oo.

So A = lim Ag(1 + )™ = lim Ay (1 + L)" = lim Ay (1 + L)m

= lim AO((l + L)m)” — Age

m—0o0 m

Thus: A, dollars, at an annual interest rate , compounded continuously, for ¢ years,
grow to

A= AO 6” ($)

So the $5000 invested at » = 0.02 annual interest rate, compounded continuously, for 10
years grow into

A = 500002010 = $6107.01
(Note, this is vary close to the result for daily compounding — so close that you might
think of using the continuous compounding formula as an easy way to approximate daily

compounding. It's a decent approximation for a “reasonable” amount of money at a
“reasonable” rate over a reasonable” amount of time.)

Example: A story is that Dutch settlers led by Peter Minuet bought Manhattan from the
local native American inhabitants for goods valued at $24 in 1626. If the sellers had
invested this amount at an annual rate of r = 0.02, compounded continuously, how much
A would it be worth today?
Answer: 2016 — 1626 =390 yrs. A = 24e(0-02)39) = § 58574 .45
With a rate of » = 0.05, this would be

A = 24e0-05)39) — §7 062,421, 585.00

Note the big impact of the larger interest rate!




In a related rates problem there are several quantities (z, y, ...) that are changing
(frequently these quantities (z, y, ...) are functions of time). There are also some
relationship equations among these quantities (determined by physics, Pythagorean
Theorem, similar triangles, trig, ...). Differentiating these relationship equations
gives new equations the connect the rates of change.

Usually the problem involves being given value for some of the quantities and some their
rates of change and being asked to find values for other rates of change.

Example 1: A rectangle is growing: its length grows at a rate of 7 cm/sec and its width at
a rate of 3 cm/sec.

a) how fast is A, the area of the rectangle, growing at the moment when the length
is 8 cm and the width is 5cm ?

Call the length of the rectangle [ and the width w. The A = [w
We are given that % = 7 (cm/sec) and ‘f# = = 3 (cm/sec)

Since [, w change with time ¢, so does A. Taking the derivative of
both sides with respect to ¢ and using the product rule gives

A1 +wd =1-3)+w-(7)

The rate at which area A is changing at some moment depends on
how big the rectangle happens to be at that moment. At the
moment when [ = 8 cm and w = 5 cm, we get

dd — jdu 4 pdl = 8. (3) +5-(7) = 59 (cm?/sec)

b) At that same moment, how fast is the perimeter P changing?
Since P = 2] + 2w, we get
AP — 24l 4 94w — 2(7) 4 2(3) = 20 (cm/sec)

Notice that % turns out, in fact, not to depend on the values of | and w. Always,

% = 20 cm/sec for this growing rectangle: the perimeter grows at a constant

rate.



Example 2 (text, 3.10, #44) A lighthouse is located on a small island 3 km away from
the nearest point on a straight shoreline. Its light makes 4 revolutions/minute. How fast
is the beam of light moving along the shoreline when it is 1 km from P ?

theta

The light 3 miles offshore rotates. Let x denote the distance from the point P on the shoe
nearest the lighthouse to the point where the beam of light hits the shoreline.

We want to find: what is% when z = 1.

i tells how fast the length x is growing = how fast the light hitting the
shoreline is moving. notice that this rate changes with time: as the point of
light beam moves right down the shoreline, it moves faster and faster.)

The angle theta = 6 is related to x by trigonometry in the right triangle:

“opposite side" __ x __

Sadiacentside® — 3 tand, or x = 3 tand.

Since = and # change with time, we can take % of both sides of the relationship equation
to get

de __ 2 do
S = 3sec” 0 -
We want to find ‘é—f when = = 1, so se need to know the values of sec? 6 and % when
=1



Whenz =1, tanf = 4, and sec’d = 1 + tan? 0 = 1 + (5)* =

Always (whether or not x = 1) : the light is revolving at a rate of 4

revolutions/minute, so we could say “‘é—f = 4 revolutions/minute”. But all our

calculus formulas for trig functions were figured out assuming that 6 was in
radians. So we need to use that unit for angle measure:

% = 4(27) = 8 radians/minute

Therefore when x = 1, the light is moving along the shoreline at a rate of

‘fl_f — 3sec?0 - % = 3(19—0)(87'(') = SOT” ~ 83.8 (km/minute)



