In case it's needed, the formula (from the review sheet on logarithms) for converting
between bases for logarithms is:

Review: logyr = ll(o’ii
3
Ql. Lety = f(z) = % What should the graph of y = f () look like?
2

A) A straight line with positive slope
B) A horizontal straight line
C) A straight line with negative slope
D) A parabola the opens up

E) A parabola that opens down

In(z%) In (z%)

Answer: Using the boxed formula, y =

log, (z%) log, (%) o In (%)
loge2 In2
3.
— In (z°)-In2 — In2

In(z?)

so y is a constant! The graph is a horizontal straight line.




Example 1 Text, p. 250, #22

A boat is pulled toward a dock by a rope attached to the bow of the boat and passing
through a pulley that is 1 meter higher than the bow. The rope is being pulled in at a rate
of Im/sec.

How fast is the boat approaching the dock when it is 8 m from the dock?

We are told that (fz_]f = —1m/sec (“— " because R is getting shorter (decreasing))

We want to know ill—f = ? m/sec whenx = 8 m

How are x and R related: use the Pythagorean Theorem:
22+ 12 = R?

SInce = and R are both functions of time ¢, we can take % of both sides to bring the
rathes of changes into action:

dr __ dR
When x = 8: 82+12 = R?, so R = /65
dr __ dR

2(8) % = 2,/65(—1)

dr — _ VO 1,003 m/sec
) ) /65
x 1s changing at a rate of — - m/sec
/65

The boat approaches the dock at a rate of “c—. (Note that the word approaches indicates
that x is growing shorter and thereby replaces the “ — ” sign)



Example 2: A woman 6 ft tall walks away from a lamp post that is 24 ft. high. She walks
at a rate of 5 ft/sec (rather fast, but let's just accept that!).

a) How fast is her shadow lengthening?
b) How fast is the end of her shadow moving?

24

z = length of shadow
x + z = distance from the lamp post to the tip of the shadow. So

dx

We are given that; S = 5mph

We want to find:

dz
dt

and b) 222 the rate at thich the tip of her shadow is

a dt
moving (away from the lamp post)

Q2: Write an equation that connects = and z.
A) 22+ 22 =242
B) 2d+6=x+=2
24 __ 6
O) T = 2
D) 24x = 62

6 24
g S=-2b

24

Answer: the picture contain two similar right triangles. By similarity, g = 742



Therefore

SO
SO

Therefore

SO

and then

24
xr+z

6
z

6z + 6z = 24z
6xr = 182
T =3z
dr __ a9dz
i = O

der __ dz

laor _ az
3.dt dt

% = %(5) = % = 12 fi/sec

d(z + 2)
dt

_dz | dz _ 5
=t =013

20

_ p2
=63 ft/sec



Additional related rates example, not done in class: text, p. 249, #16

Example 3 At noon, ship A is 150 km west of ship B. Ship A is sailing east at 35 km/h
and ship B is sailing north at 25 km/h. How fast is the distance between the two ships
changing at 4:00 p.m

. 150 - x

We're told: dr — 35 (km/hr), % = 25 (km/hr)

dt dt

We want to know: ‘é—j = 7?7 at 4:00 p.m.

2% = (150 — )% + %2, and differentiating with respect to ¢ gives:

2292 = 2(150 — z)( — %) + 2y, so

az X d
24 = (150 — 2)( = ) + it
At 4 p.m (thatis, 4 hrs after the start of the problem):

r = 4(35) = 140 km
y = 4(25) = 100 km

22 =10% + 100%2 = 10100
ya

= /10100
50 1/10100% = (150 — 140)( — 35) 4 100(25) = — 350 + 2500 = 2150

dz __ _ 2150 ~

At 4:00 p.m., the distance between the ships is increasing at a rate of
approximately 21.29 km/hr.



Linearization at a pointz = a

Suppose y = f(x) is a differentiable function.

The tangent line to the graph where x = a goes throught the point (a, f(a))and has slope
f'(a), so the equation of the tangent line where z = a is

y—fla) =f(a)(z—a) or

y = fla)+ f(a)(z—a)=L(z)
T
f(a)and f'(a) are numbers, so this formula
is a linear function of x. Its graph is just the
tangetn line

When z is near a (z =~ a), the graph of tangent line y = L(x)
is almost the same
the graph of y = f(x).

L(x)1is called the linear approximation to f(x) ata or
the tangent line approximation to f(x)ata or
the linearization of f(x) ata

So  forxneara: f(x)~ L(x)
Example y=flz)=z = 3, so f(8) =2
J'(2) = 3075 = = 0 f'(8) = 377 = 1o

The linear approximation to f(z)at a = 8 is
L(z) =[f@®)+f(8)(x—-8)=
=2+ &(z—8)

The picture shows the graph of y = f(z) = /= and
the tangent lineat x = 2 : y = L(x) (in red)



ELM =24(1/12)(x-8) o

y = x"(1/3)

Notice that L(z) and f(x) are very slose to each other when = ~ 8

For example: /8.1 = f(8.1) ~ L(8.1) =2+ 5(8.1—38)
= 24 5 = 2.00833333...

This is a pretty good approximation: from a calculator

F(8.1) = /8.1 ~ 2.00829885...

The answers agree when rounded to 4 decimal places !

To pose the example differently: if I wanted to approximate /8.1,
1'd pick a point a that is

e as close to 8.1 as I can get and still

e compute f(a)and f'(a) easily — so I can write down the linearization
as worked out above,

Then I can rather easily compute L(8.1) which is a good aproximation to

the exact value f(8.1) = \/8.1.

Here is a table where you can compare the actual values of f(x) to the approximate
values L(x) as x gets closer and closer to 8.

Linearization at 8 is



8.5
8.25
8.1
8.01
8.001
8.0001

o0 «—

7.9999
7.999
7.99
7.9
7.75
7.5

fla)=Ya

2.04082755095867
2.0206200103111

2.00829885024651
2.00083298635204
2.00008332986135
2.00000833329861

!
2

T
1.99999166663194
1.9999166631942
1.99916631920312
1.99163170128991
1.9789458048402
1.95743382058443

L(z) =2+ 35(z — 8)

2.04166666666667
2.02083333333333
2.00833333333333
2.00083333333333
2.00008333333333
2.00000833333333

!
2

T
1.99999166666667
1.99991666666667
1.99916666666667
1.99166666666667
1.97916666666667
1.95833333333333



