
Lecture 22
Recap from preceding lecture :  .Linearization at a point   
Suppose is a differentiable function.  
The tangent line to the graph where  goes through the point and has slope    
     , so the equation of the tangent line where   is
     or       

             
       
     and  are numbers, so this formula  
     is a linear function of .   Its graph is just the
     tangent line
    
When  is near   ( ),  the graph of tangent line       
    is almost the same as the graph of   
So
    for near  :   
    is called  the linear approximation to  at     
    or    atthe tangent line approximation to  
    or   the linearization of  at  

Example  Let         
 

Use linearization to approximate  
Let , a point near to  where its easy to evaluate  and      

At              
          



Then                    
 

The exact value of  is the   distance up to the graph of 
    is the distance from the -axis up to the  .  In this example istangent line
just a tiny bit  than the actual value   the shape of the graph oflarger because
      makes the tangent line lie  the graph of above



  
Actually using a calculator gives .  Our approximation using  
linearization agrees with the calculator when results are rounded to 3 decimal places!
   



Example  What is the linear approximation (“linearization”) for sin  at ?   
 sin   cos      

At  sin cos                  
  
 So, for  near sin ( )     see picture

 

( )See textbook for some comment about how this approximation is used!



Differentials give a way of making the same estimate but cast in different language.
Sometimes the alternate language of differentials is easier to work with.
If  is differentiable, we define  
    (  and  are called “differentials”))      

Here, we think of  as an independent variable: it can have any value you want to
assign (although usually we are thinking of small values for ).
To find a value for , you need to have an  value  a value for   and
If  is defined in this way, then it is really true that whenever        

 
  

For example:    sin x    
     cos     

 
How do we visualize what  and  mean? 



  
 Choose  (same, for purposes of differentials,  and ,     
      will be the same thing: both represent change in ”
 As shown in the figure:   change in          actual
        value when  changes by
          
    change in the  when  changes by  tangent line value
          
 So  and  mean two different things:  but   when  is small      
 Therefore   when  is small            
             
       EXACTLY!



Example  Use differentials to approximate 
           

 
 Choose a value near 4.1 where it's easy to calculate and        
 and     
 The  and              

  
 Then                     
    
   
  
 This is  approximation for as we got using a linearizationthe same 
 approximation.
   For the linearization approximation: we calculated the equation  for 
  the tangent line and then substituted to get 
   Using differentials, we did not need to find the equation of the tangent
  line we simply used the fact the          see the figures
Example  The volume of a sphere is ¦ You measure m but there could be a      

 
measurement error of a most as much as meter.  How much could measurement error
effect the volume calculation?
Using the measurement you calculate volume , but the volume could, in fact, be as  
large as In that case, the error would be change in           
if  changes by
              an amount   
You could work out  with a calculator but its easier to make an approximation:
  , so 

          
  m   m             

Is this error “significantly large?” that probably depends on the overall volume: an
error of about m isn't much in computing the volume of a sphere whose total volume is 
about, say  m , but it would be a very large error if the total volume of the sphere 
were actually about  m !  So we define the             

  relative error  




 

    
 or about %).

Note: if the measurement error had gone in the “other direction” the we wouold have use
       the error in volume would have been approxoimately  m , with a
relative error of about %. 


