. . )
What is lim % ?
z—0 T

2 — 22 whenever # 0 and what happens AT x = 0 is irrelevant to finding this

x

limit.

Graph of 173 (note the “hole” at x = 0)

lim% = lima? = 0.
z—0 z—0



Guess lim % As z — 0, sinz — 0 and in the denominator z — 0.
z—0

There is no way to “cancel” and simplify as we did with %ﬁ At this point of the course,
we can only “guess:

Table:

v flz) =52

-0.01  0.999983333416666
-0.009  0.999986500054675
-0.008 0.999989333367467
-0.007  0.999991833353342
-0.006  0.9999940000108
-0.005  0.999995833338542
-0.004  0.999997333335467
-0.003  0.999998500000675
-0.002  0.999999333333467
-0.001  0.999999833333342
0 ks
0.001  0.999999833333342
0.002 0.999999333333467
0.003  0.999998500000675
0.004 0.999997333335467
0.005 0.999995833338542
0.006 0.9999940000108
0.007 0.999991833353342
0.008 0.999989333367467
0.009 0.999986500054675
0.01 0.999983333416666



sinx

Graph of y = f(z) = =

Table and graph both suggest that as x — 0, % — 1
Both table and graph depend on your calculator/computer to interpret sin x as “z radians”,
NOT “x degrees.”

The lecture next looked at lim tan z = coand lim tanz = — oo.

= T+
T—3 z—3

We say that the vertical line = a is a vertical asymptote for y = f(x)if

r—a
f(z) = o0 or

or as T —a”
or

f(z) = — o0 r—a’t

Note: for ‘;—3 and for Sig"”', the denominators — 0 as x — 0 but neither graph has a

vertical asymptotes at z = 0.

If the denominator of a fractional function — 0 as z — a, then that suggests that there

might be a vertical asymptote as = a but not necessarily.




z2—4

Q1. Find the vertical asymptote(s) for y = f(z) = 75,15

flx) = szfzzgin = g:gggﬁ% so f(x) is not defined at x = 2 and = = 1.

These values make the denominator 0, so they are “suspicious” — perhaps there are
vertical asymptotes at z = 1 and = = 2. But, as the two examples above show, the fact
that a denominator — 0 as * — a doesn't necessarily mean that we have a vertical
asymptote at x = a.

Cancelling gives E‘;:g)(i_l) =22 (whenz # 1, = # 2)

«x what happens AT x = 2 is irrelevant for lim f(x), so

r—2

limf(z) = lim2*2 = 4 = 4. NO VERTICAL ASYMPTOTE AT z = 2

r—2 r—27
++ What happens AT x = 1 is irrelevant for lirri f(x), so lirr% f(z) = lim ££2

11’—1 .

Asx — 1 : Numerator x + 2is positive and x + 2 — 3

=
+
[\

Asx — 17 : Denominator x — 1 is negative and — 0, so = s
e 3 9’9 . r+2 o
neg. number —0 SO Ihﬂnl’l, -1 o0

z+2 ;
r—1

As x — 17 : Denominator x — 1 is positive and — 0, so

13 3 D) z+2
pos. number —0 80 21

— OO

There is only one vertical asymptote, the vertical line z = 1



Perhaps you can figure out what the whole graph of f(x) = %

least you now know the general behavior near x = 1 and = = 2:

looks like, but at

(x—2)(x+2) — 42
(z—2)(z—-1) z—1

graph of ﬁ is defined when x = 2 and has no “hole” there.

r+2
r—1

Notice

only if x # 2, so the graph of is slightly different: the



Some Limit Laws
(discussed in class and text)

Suppose c is a constant and that

limf(z) = L and limg(x) = M where L, M are numbers

r—a

Then
L lim (f(@) +g(r)) = lm (@) + limg(x)

=L+ M
(limit of a sum is the sum of the limits)

2. 1lim (f(x) —g(z)) =limf(z)— limg(z)

r—a r—a Tr—a

= -L-M
(limit of a difference is the difference of the limits)

3. lim cf(x) =climf(x) = cL

(can factor a constant ¢ out in front of the limit)

4. lim(f(z)-g(x)) =limf(z)- limg(x)

Tr—a Tr—a Tr—a

=L-M

(limit of a product is the product of the limits)
. f(x) B lim f (=)
> m ) = @)

r—a

= NL assuming denominator M # (

(limit of a quotient is the quotient of the limits (if no 0 in

denominator)




Examples:

limx = a, so

limz? = lim(z - ) = (limz)(limz) = a?

r—a r—a T—a T—a

limz? = lim(2? - ) = (lim2?)(limz) = a?a = a3
r—a r—a r—a r—a

1. n J— n f 141 :

imz" =...=a or any positive integer n

Similarly, lim(f(x))" = (lim f(z))", so

r—a r—a

In fact, discussed in more detail later in text, this is true for any

exponent n:
For example, limz!/3 = q1/3
r—a
thatis lim+/x = /a

/l‘in%(?)ﬁ +2r—1)= /l‘in%(?)xz) + 11%(23:) —lim(1)

r—2

= 3lim(2?) + 2lim(z) — lim(1)

r—2 r—2 r—2
= 32 4202 —1=15

Note: If P(z) = 32 + 2z — 1, then limP(z) = P(2)

r—2

For any polynomial function P(z), same kind of reasoning

shows limP(x) = P(a) (direct substition gives the limit)

Tr—a

But direct substitution to find the limit doesn't always work, for
example, not for lim *2£ : it only works for certain “nice” functions
xTr—

T

that we will give a special name to soon.

If P(x) and Q(z) are both polynomials, then ggf; is called a rational

function.




For a rational function, using the limit laws gives that

P(z) lim P(z) (a

lim o0 = = 0w = g(ag provided that the denominator

h Qa) # 0

So direct substitution to find a limit as x — a works for a rational function
provided the substitution doesn't produce a 0 in the denominator.

IflimQ(z) = Q(a) = 0, then instead of a limit, it might be that

% has a vertical asymptote at © = a. (Look back at the example

f($)::ﬁxfﬁasx—>landasx—>2.



