Circle with radius 7:

area of a shaded sector
with central angle 6 (in radians) A= %r29
(formula explained in class in previous lecture)




The Squeeze Theorem If f(x) < g(x) < h(x) when x is near a (except
possibly at @) and

lim f(x) = lim h(x) = L

X—d X

then lim glx) = L
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This also applies for limits of the form lim , lim, and when L = + oo

r—at T—a~




The link http://webspace.ship.edu/msrenault/GeoGebraCalculus/limit trig_sin.html

shows how to use how to use the Squeeze Theorem to show that
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For 6 > 0 :

Area of small sector < Area of triangle < Area of large sector
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(cos®0)0 (1)sin@ 1(1)%0
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DO

Multiply by the positive number % to get

cos?d < % <1

Asf — 0" !
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So, by the Squeeze Theorem,

i Sinf
(*) lelfm 0 L
This argument only works as # — 0T because if § < 0, the formulas we used for the areas

would be wrong: for example, sin § would be negative, so %(l)sin 6 couldn't represent

the area of a triangle.

But now that we know lim % = 1, we can work out lim 5120 —9

f—0+ 0—0—

Substitute 8 = — u
(oru= —0)
trig identity
. l | |

lim S0 — 1im sin(—u) lim —sin (u) _ lim sin (u)
6—0~ 0 u—7? —u u—?? - w—9

When 0 — 0~, we see thatu — 0 so

(%) lim S0 — jip S0 g
0—0— 0 u—0*t u

1 using what we learned in (*)

Since % — lasxz — 0 and also as z — 0%, we can conclude that

(k) lim S0 — 1

z—0 T

(This depends using sin with radian measure 6, since that was assumed in the formulas
for sector area that we using to start the discussion.

Clicker Q1: Find lim -=£%¢

1+cosx

. 2 2 . . .
T oos 7 and use sin“z + cos” z = 1 to simplify.

Step 1) Multiply the fraction by
What do you get?

A)sinx



1—cosz
B) 2z

1+cosx
@) —

sin? &
D) x (1+4cosx)

E) I'm not sure

l—cosz l+cosz _  1—cos’lz sin? x

x l+cosz ~— z(l+cosz) ~ z(l+coszx)

Answer:

Clicker Q2:  Step 2) Use Q1 result to find lim 1=cosw

X
A) 0

B)

N |—

0

IS

D) 1

E) I'm not sure

. . l—cosz 1 sin’ _ . sinz | sinw
Answer: ili% x - i{% z (1+cosz) — ili% T 1+cosz
ST sinx . . sin & _ . 0 i
_91613(1) x i{%l%—cosx_l 0+1O_0
I I
1, using (k) 0
. 14cos(7x) . 14cos(u) .~ 14cos(u)
Example lim——— = lim————~ = lim7———F7—~ = 7(0) = 0.
LXampie z—0 T u—0 (u/7) u—0 (U/?) ( )
T T
substitute © = 7x by previous example
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Definition f(x) is continuous at the point a if lim f(z) = f(a)

Discussion in class/textbook of types of discontinuity (infinite, jump, removable)

2

Clicker Q3: At what points is the function f(z) = %962;2 not continuous?

A) f(x) is continuous at every point

B) Not continuous at 2 but continuous at every other point

C) Not continuous at — 2 but continuous at every other point
D) Not continuous at 0 or 2 but continuous at every other point

E) Not continuous at 0 but continuous at every other point.

. . 2 _r—9 2 _a—-2 .
llir(llf(;U):glElL%xx?_xgx :aa2_a2a = f(a)

1
EXCEPT WHEN a? — 2a = 0, that isw, when a = 0 or 2.

so f(x) is continuous at « EXCEPT when a = 0 or a = 2. At those points, f(x) is not
even defined.

Clicker Q4: The function f(x) = % has what kind of discontinuities.

(List the types of discontinuity as they occur in order moving from “left to right”)

A) jump, jump

B) infinite, jump

C) removable, infinite
D) infinite, removable

E) infinite, infinite



Ata=0:

. e ot —2 . (z=2)(x+1) (x+1)
lim f () = lim = lim = —5e” = lim =e— = lim =~
This limit DNE: (le) — oocasx — 07 and
(xil) — —ooasx — 0~ and
x) has an infinite discontinuity at 0
f(z)
Ata =2:

. ezt —2 . (z=2)(z+]1) _ .. (z+1) 3
fim(w) = limy = lim g = lim =y S lim =k

The limit exists at 2, butis # f(2) since f(2) is not even defined.

This means that f(x) has a removable discontinuity at 2

2—x—2
2 — 2z

Here is the graph of the original function y = f(z) =

We could “remove* the discontinuity at 2 if we chose: create a new function, the same as
f, but with value % at 2 to “plug” the hole in the graph. (* What would be a formula for

that new function?



