
What is each limit?  What conclusion do you draw about continuity for the function?
1. a polynomial:        lim

Ans:   , from earlier, using limit laws.  So a polynomial is continuous at  forlim   
every “a polynomial is continuous everywhere” 

2. rational function  where  and  are polynomials:    


Ans:    lim 

   lim lim 
 
     

    if the denominator,    
So a rational function is continuous at every point  for which its denominator is not  

3.          


 lim
       


   lim

    
  lim

Ans:  lim       for every  (from earlier section on Limit Laws)

lim            for every (Need  since, for example,
       doesn't make      
         sense
In general:   “whenever  makes sense”lim

     

So, for example, is continuous at every ; is continuous at  for every        

  



4.   sinlim  
  coslim  

     tanlim  

Ans:   limsin sin  
 cos cos lim   

These were discussed in class; to see that they are true, you need to look at how cos  and sin 
are defined as he coordinates of a point moving around the unit circle.
Therefore the functions sin and cos  are continuous at every   

 tan  lim lim 

  




sin sincoscos
                if the denominator cos   
    (which happens when
     )          

   
   

So the function tan is continuous for all  at which cos .    
  __________________________________

  If  is continuous          and lim  then lim lim    
  
  If   also is continuous at  
  then lim lim      

  ( )See discussion in textbook



5.  Write (a composition of two functions)     

Ans:  Let  and         

Use this to find   lim
   

Ans:  Using (*)   Since  is continuous and  exists:    lim


lim lim lim lim   
               

      

The point is that since the “outer function”  in the composition is continuous, the  “ ”  can limbe moved to the right of  in the calculation.

6.  Find  cos lim
    

Ans:  See 5. Since the “outer function" in the composition, cos, is continuous, we can write
cos cos (lim

           

  __________________________________

The Intermediate Value Theorem (I.V.T.)  
     Suppose that   is continuous on the closed interval   
    and that     is a number between  and   
      Then there must be a number  in the interval   
   for which   
     
    this is the same as saying   
      
   
   the equation  must have a solution     
   in the interval    
( )See discussion in the textbook



Example:  Let  on the interval         

          is continuous, , and        
Pick any number between  and for example,      
The Intermediate Value Theorem says that there must be a number  between  and  for which  
  0 is true.
To say it another way, the Intermediate Value Theorem says that there must be a solution for the
equation
   somewhere in the interval         
  (The solution is the number ).

For the function , here is a table of values with the -values spaced       
0.01 apart:

         
   ___    _________

 1        -1
    1.01      -0.9797
    1.02     -0.95879
    1.03     -0.93727
    1.04     -0.91514
    1.05     -0.89237
    1.06     -0.86898
    1.07     -0.84496
    1.08     -0.82029
    1.09     -0.79497
     1.1       -0.769
    1.11     -0.74237
    1.12     -0.71507
    1.13      -0.6871
    1.14     -0.65846
    1.15     -0.62913
    1.16      -0.5991
    1.17     -0.56839
    1.18     -0.53697
    1.19     -0.50484
     1.2       -0.472
    1.21     -0.43844
    1.22     -0.40415
    1.23     -0.36913
    1.24     -0.33338



    1.25     -0.29688
    1.26     -0.25962
    1.27     -0.22162
    1.28     -0.18285
    1.29     - 0.14331
     1.3       - 0.103
    1.31    - 0.061909   
    1.32    - 0.020032   negative 
     
    1.33      0.022637   positive 
    1.34      0.066104
    1.35      0.11038
    1.36      0.15546
    1.37      0.20135
    1.38      0.24807
    1.39      0.29562

  

1.41      0.39322
    1.42      0.44329
    1.43      0.49421
    1.44      0.54598
    1.45      0.59862
    1.46      0.65214
    1.47      0.70652
    1.48      0.76179
    1.49      0.81795
     1.5        0.875

 
  

Consider the interval .  Since we could choose    and     between
 the I.V.T. tells us that the equation
  must have a solution in the interval           

This givers us a much narrower interval containing the solution.  Further calculations like
this Using a computer to assit the arithmetic) could let us find an even narrower interval
in which there is a solution  for the equation    



We defined .  This statement means that “we can make  arbitrarily close to lim    
  as close as we like by taking  large and larger.

Example:   lim

  

  lim

  

   if lim

     

  lim lim 
 
         

Example (a standard trick):
  (lim

  
 

 
   divide both numerator and denominator by the highest

              power of  in sight)

           lim
       

    
     

    

     lim
   

      
     

  


