y = f(z)

slope of secant line joining (a, f(a) and (x, f(x)

f(z) = f(a)

~— -~ = average rate of change of y with respect to =

over the interval from a to =

slope of the tangent line at the point (a, f(a))

f(z)— f(a)

lim

r—a

= instantaneous rate of change of y with

respecttoatxr = a

= f’(a) = derivative of f at a
(assuming that the limit exists —
that depends on the function f and
which point a)

Alternate way to write this: substitute z = a + h

’ — im L@ = fla) i flath)— f(a)
f (a)—:}jl_l’)l’(ll T—a }IL{% h



You can watch the secant line approach the tangent line using the app at

http://webspace.ship.edu/msrenault/GeoGebraCalculus/derivative_at a_point.html




Example

Q1: Write down w, then rationalize the numerator
(use “a’ rather than the value a = 4 from the picture)

f@) - _ Ve -va _Je-Va Jr+ya
r—a Tr—a Tr—a ﬁ+ﬁ

Answer:

_ (z—a) _ 1
T o Ve) T e

Q2: Use the answer from Q1 to find the derivative of f(z) = \/z
at the point a:



f’(a) — limf(w)—f(a) —

r—a r—a

A) 2\/a
1

B) \/13

O 5 e

D) 1

E) the limit doesn't exist so there is no derivative of this function at a

Answer: f'(a) zhm%ﬁ(‘l) :hm\/l—iﬁ = \/Eiﬁ = 2\}@— (ifa > 0)

(Note: the function f(x) = \/E is defined at x = 0, but when a = 0
. 1 fot] . / — 1
;EI}L NENO does not exist! (This corresponds to the fact that the formula f'(a) NG

doesn't make sense when a = 0. The intuitive reason (look at the graph) is that a = 0 the
tngent line to the grapoh is the y-axis: a vertical line that has no slope.

Q3: What is the equation of the tangent line to the graph of y = f(z) = \/E
at the point where a = 4?

A) y=jz+2
B) y =3z +3
COy=—jz+1
D)y:%:c—l—l

E) none of these

Answer: The tangent line has slope f'(4) = ﬁ = Y and it goes through the point

(a, f(a)) = (4,V/4) = (4,2).

(Notice the “slope = i” mean that choices A), B), and C) are incorrect)

Using the point slope form, the equation of the line is

y — 2 = {(x — 4) which simplifies to y = ;z + 1.

Example. An iPhone is thrown straight downward from the top of a 1000 ft. tall building,
leaving your hand with a downward velocity of — 50 ft/sec. The formula that gives its
position after ¢ seconds is s = f(t) = — 16t — 50t (where s is measured in ft.)



Note: This formula is set up considering “negative” to be “down”: at t = 0, we have
s = 0 (at the top of the building) and the iPhone hits the ground when s = — 1000. For
example, when t = 2, s = — 164 ft., the distance that the iPhone has fallen downward)

What is the instantaneous velocity at time 2:

change in s
change in ¢

Itis f'(2) = the limit of average velocity as “change in time” — 0

Using the capital Greek letter “A” to stand for “change in”, we can write informally

'(2) = lim {2
/2 Art At

but to do the calculation, we need one of the two limits that defines a derivative: for
example

velocity at time t = 0 = f/(2) = }ljr%w

[—16(2+h)2—50(2+h)] — (—164)

2
— lim — lim —64 — 64h — 16h=—100 — 50h + 164
h—0 h h—0 h
. h(-16h —114 .
= hm% = lim — 16h — 114 = — 114 (ft/sec)
h—0 h—0

Example: Find the derivative for y = f(z) = 1 at the point a.



f’(a):limM:h %;,l Lo (a—

rx—a T

— lim —Z=4 — {jm =2 1

=) — M = — o (a # 0; but of course f isn't even defined at 0)
at the point (4, i) the tangent line to y = % has slope f/(4) = — %

The equation of the tangent line at that point is (y — %) 1

= — gz —4).



