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  Alternate notations for the derivative           
 



Q:  Draw the graph of a function for which  
       
        

        

     

Here's one possible solution:



Q1.

 

A)                     

B)                     

C)                    

D)                    

E)                    



Answer: the small tangent line slope is  is at negative , where .  

so    
 
Listing other (postive) tangent line slopes in order of increasing size gives
                  

(It may be a judgment call about the slopes at  and ; to me, the slope at      
    looks larger)



Let  represent the cost ($) to produce widgits       

  $  is called the .  (Having a production site, tools, in place costsfixed cost
some money before you even produce the first widgit.)  Thereafter, the cost increase as 
increases;  the “ ” term contributes most to the cost when  is not too large;  when   
gets larger, the  “ ” term contributes the most to the cost in spite of the coefficient
    Very large numbers of widgits may be more costly because of overtime costs,
more wear-and-tear on equipment, etc.
What are the units for ?  (  Ans:  $/widgit)
If you do the calculation,     “  ”  



lim




      ( )  lim


 do it!
    
               ($/widgit) 
    
What does  mean?     

 (See figure on following page. The figure is not to scale (compare location of   
 5000, and 200 on the axes. In fact, drawn to scale, the tangent line at 200 would
 be almost indistinguishable for the graph of  near 200 ).
(*)    lim


     “the instantaneous rate of change

    of cost  with respect to the number of widgets
        produced when the operation is production level 200"
 We could also write this as   ($/widgit)

   
 Using  in formula (*) gives an approximation:  
     

    
        cost to make the 201 widgitst

        gives a  here because the change reasonable approximation
  from  is small (compared to production evel 200!).
  So $ /widgit is the  cost to make the 201 widgit    approximate st
    The  cost, if you substitute and work it all out, is exact
         $30.05   
 Economists call $30/widgit the    marginal cost at production level 200.
 It approximates the cost of making the next widgit.





Change “psychological”) point of view:
  
We've been thinking of as the slope of the tangent line at a particular, fixed point .  
With  a fixed number, then number   is also a . 

If, instead, we imagine the point where we are finding the slope as varying (call it 
instead of , then we'd write
      
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    lim

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 
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 Alternate notations for the derivative       


Example (continuingfrom last lecture)
         
           

 
  Now we are thinking of  as a  (it varies with )  At each    function
  point , is gives the sloped to the tangent line to    
  For example,  is the slope of the tangent to the graph of     

     at the point       



Here are the graphs of and  drawn on the same axes:      
 

 

Notice, for example:  when and          
   when and          
   when f(  and             

   

   as , slope of tangent line to graph of         
   as ) , slope of tangent line to graph of         
   
Example (continuing from last lecture):
    position (ft) of a certain falling body after          
        seconds
 We computed instantaneous velocity at time     
    ft/sec      


 

lim

 In general, instantaneous velocity at time   

       
 

   
 lim lim 

          fill in details



 Here is a graph of the functions  and       
 (in the graph, I included negative , although our original falling body problem
 only used for   

   
Look for features: where is the derivative positive? where is the derivative negative? ?
What are the corresponding features that you see in the graph of ?
 Since we are thinking now of   as a function, we can        
tray to take its derivative.
       

 
  

 lim lim

 This is the instantaneous rate of change of velocity at time 
             at time   (in this falling body problem, the only  acceleration
accelaration
      comes from gravity: the accelaration is
     (ft/sec)/sec. 

 Since     
  
   called the “         second derivative” of 
Question:  In this example, what is the “third derivative” of 
 ???   (see textbook        '''   )    



Q2

A)   (a, III),  (b, I),   (c, IV),  (d, II)
B)  (a, I),   (b, III),   (c, II),   (d, IV)
C)  (a, II),   (b, IV),   (c, I),   (d, III)
D)   (a, I),   (b, IV),   (c, II),   (d, III)
E) (a, II),   (b, IV),   (c, III),  (d, II)

In , there are exactly two places (call them   and  where thegraph (a)       
tangent line is horizontal, that is, there are exactly two places where the derivative is .
But  is the only derivative graph that is  is exactly two places. (II) 



For graph a), notice also that the tangent lines have negative slope to the left of
     , so the derivative must have negative values to the left of  , as happens in
II).  Similarly the derivative (II) has positive values between and  because the  
graph a) has tangent lines with positive slope between  and .  Etc.      
Looking at (counting) the number of places where the tangent line is horizontal in graphs
c)  d) (I) and (III)and tells you that their derivatives are .
Graph will be discussed in the next lecture, but, by elimination, the graph of its b) 
derivative is (IV)


