Math 131 Exam 3, FL2016
Solutions

No calculators or notes are allowed on any part of this exam. As usual, "DNE" stands for "does
not exist." You may have a single 3x5 card with notes.

This exam should have 8 white pages (Part I), and 5 colored pages (Part II). The pages in each
part are numbered in the upper right corner.

Part I consists of 14 multiple choice questions (worth 5 points each) and 5 true/false questions
(worth 1 point each), for a total of 75 points. Mark the correct answer on the answer card. You
may use the test booklet for any work you want to write down, but for Part I, only the answer
marked on the answer card will be graded.

Part II (separate colored pages) consists of 3 hand-graded questions, worth a total of 25 points.
Also put your name on Part 11, write your solutions on the colored sheets. Your written work will
be scored by the instructor and TAs.

1. What is the absolute maximum value of the function g(¢) = te? on the
interval [ — 3, 1] ?

B) —lei  C) —3¢3 D)o E) e2

F) lei G) 2 H) 3¢? D) 2e 7) 4e?

g(t) =t(le?) + (1)er = e2(it +1) = Owhent = —2.

An absolute maximum must exist and it occurs at — 2, or one of the endpoints: — 3, 1.
Testing the values of the function at these candidate points:

3 2

f(=3)= —te2 f(=2)= —2e2 = —2¢! f)y=e

ol

The largest of these is et (it is positive while the other two values are negative) so e is the
absolute maximum value.




2. What is the largest interval on which the function f(z) = 2% + 2 is increasing?

F)(—-1,1) G)(—2,2) H)(—3,3) D (1, co0) 5 (—4,0)

0 is not in the domain of f
flz) =20 — 2 =222 = 2 -1) _ 2@+ )@ -DE+l) _ g whengp = +1

) 3 3

2+ 1) | (=1 | (@+1) | 2® | f'(2) | f(2)
on(—o0, —1)| + — — - | - decreasing
on(—1,0) + - + - | + increasing
on (0,1) + — + + | - decreasing
on (1,00) + + + + | + increasing

The largest interval on which f is increasing is (1, 00).

3. Use linear approximation to estimate the value of (26)§
A) 2 (=8.7778) B)Z (~6.5455)  C) 3 (= 8.4000) D) & (~8.3750)
E) 12 (~10.1818) F) ¥ (~92222) G) 2 (~7.8571) H) % (=~ 8.4545)

D ® (~72222) J) P (~9.4444)

f@n =27 =3 =9 fl(z) = 2o~
The linear approximate L(x) at a = 271is
L(z) = f(27) + f'(27)(z — 27) = 9+ Z(z — 27).

3z

2
3

For z near 27, f(z) ~ L(z) : so0 (26)7 = f(26) ~ L(26) = 9 + 2(26 — 27)
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4. Consider the function f(z) = 2% — z on the interval [0,2]. What is the point ¢ whose

existence is guaranteed by the Mean Value Theorem?

A) 0 B) 1 01 D) L2 E)

F) V2 G) 3 H) /3 D2 )3

S

The Mean Value Theorem guarantees the existence of a point ¢ in (0, 2) where

F'(c) = f(2):g(0) _ (8*2)5(0*0) —3

so3c? =4and c = 3= 5 (n_otc:—%,sincecmustbein(O,Q))

5. Where are all the inflection points f(f) = 2cos @ — 0 + 1 in the interval [0, 27| ?
A)Z B) 2 Or= D) & E) Iz

F) 5 and % G) § and 4?” H) %” and %’T I 3fand ‘rjf J) none

f'(0) = —2sinf — 1
f"(0) = — 2cosb

. — — 5 _ T 3T
In [0,27] : f"(0) = 0 when cos @ = 0, that is, when 6 = 7 or =

ForO0 <z < 3 —2co0sf <0 f(0) is concave down
ForZ <z <3 —2cosf >0 f(0) is concave up
For & <z < 2m —2co0sf <0 f(0) is concave down

Since f changes concavity at ¢ = 7 and at 37“, these are the inflection points in [0, 27].




6. The function f(x) = ﬁ has exactly one critical number. Find it and determine whether it
corresponds to a local maximum, local minimum or neither.

A) 0, local min B) 2, local min C) 3, local min D) 4, local min

E) 0, local max F) 2,local max G) 3, local max H) 0, neither

I) 2, neither J) 3, neither

f(z) = (ﬂc—ae_rl_);x(l) _ e:iaiz)z) — O when z = 2.

(The derivative does not exist at 1, but 1 is not in the domain of f, so 1 isn't a critical number.)
ForO <z <2 fi(z) <0 f is decreasing

For2 < z f(x) >0 f is increasing

So f has a local minimum at x = 2.

7. The circumference of a circle is measured to be 20 cm with a measurement error of at most
0.3 cm. Using differentials, estimate the largest possible percentage error in calculating the area
of the circle.

A) 0.5 % B) 1% C) 1.5% D) 2% E)2.5%
F) 3% G) 3.5% H) 4% I)4.5% J) 5%
Circumference = C' = 27tr, sor = %

Area = A = 1’ = 71'(%)2 = f—;

Due to measurement error AA = change in calculated area ~ dA = %dC

C
- . ~dA _ x40 _ ur C _ 2 _ 2 _
So the maximum relative error ~ & = 2— = =2 dC = 2dC = £(0.3) = .03.

This is a 3% maximum error.




8. The length, width, and height of a rectangular box are all changing: the length and width are
increasing at a rate of 3 cm/min, while the height is decreasing at a rate of 1 cm/min.

How fast is the volume of the boxing changing when the length is 3 cm and

the width and height are both 10 cm?

A) —300cm*/min  B) —120cm*/min = C) — 100 cm®/min D) — 50 cm®/min
E) 50 cm?/min F) 125 cm®/min Q) 275 cm?/min H) 325 cm®/min
1) 360 cm3/min J) 400 cm?®/min

Volume V = lwh, so & = 4 (lwh) =14 (wh) + whi = (w9 + h%%) + wh
= lw% + 1h% 4+ whdl

We know that 4 = 92 = 3 and 2 = — 1.

So, when I = 3 and w = h = 10, we get

% = (3)(10)( — 1) + (3)(10)(3) + (10)(10)(3) = 360 (cm?*/min)

9. The following is the graph of the derivative f’ for some function f :

Which of the following are true about f?
i) f has a local minimum at a
ii) f is increasing between d and e
iii) f has an inflection point at e
iv) f is concave up between a and ¢

A) Only 1), ii) are true B) Only i), iii) are true C) Only i), iv) are true
D) Only ii), iii) are true E) Only ii, iv) are true F) Only iii), iv) are true
G) Only i) is true H) Only ii) is true I) Only iii) is true

J) Only iv) is true

f is increasing between d and e because f’(x)1is positive for d < x < e.

f has an inflection point at e because
f'(z) is increasing just to the left of e (so f”(x) > Ojust to the left of €), and
f'(z) decreasing just to the right of e (so f”(z) < 0 just to the right of e)
and therefore f changes concavity at e




21 32
10. Find lim %

T—00

A)O B) 1 C) 2 D) 2 E) ¢

F) 1 G) 3 H) 2 D3 J) oo

The limit is an indeterminate form of type “22” so we can try L'Hospital's Rule :
11
2o +32_ 25 GGp) 6 laer o
dm S T e im e (T

— 16 g
om0, T 10

[S4{[JY)

(You could have simplified a little, before using L'Hospital's Rule, by writing 2In(/z ) = Inx.)

11. For f(x) = xe 2*, which one of the following is correct?

A) f is always concave down

B) f is always concave up

C) f has exactly one inflection point, at z = 1, and f is concave up when x > 1

D) f has exactly one inflection point, at x = 1, and f is concave down when x > 1

E) f has exactly one inflection point, at z = 0, and f is concave up when z > 0

F) f has exactly one inflection point, at x = 0, and f is concave down when x > 0

G) f has exactly 2 inflection points, at t = 0 and = 1, and f is concave down between Oand 1
H) f has exactly 2 inflection points, at x = 0 and x = 1, and f is concave up between Oand 1

I) f is always increasing and therefore f has no inflection points

J) f' is always negative, and therefore f has no inflection points

fl(x) =e 2 4+ (—2e%)=e (1 — 27)

The formula for f"(x)shows that, for example, f'(0) =1, so J) is false, and
f'(z) < Owhen x > % so 1) is false.

flx)=e2(=2)+ (1 —-22)(—2e%)= —2e2(1+ (1 — 22)) = de 2" (z — 1)

f'(x) <0 forz <1 (f is concave down)
(1) =0
f(x) >0 forz > 1 (f is concave up)

So f has exactly one inflection point, at x = 1, and f is concave up when x > 1




12. f(z) is a differentiable function and for all z, |f'(z)| < 2.
If f(4) = 3, what is the smallest possible value for f(0)?

A) —6 B) —5 C) —4

F) —1 G) 0 H) 1 D2

D) —3

E) —2

1) 3

According to the Mean Value Theorem on [0, 4] :

f(4) = £(0) = 4f"(c), so

SO 8> f(0)—3> -8

The smallest possible value for f(0)is — 5.

%5(0) = f'(c) for some c in the interval (0, 4)

4(—2) < f(4) — f(0) < 4(2) (using the largest and smallest possible values
Jor f'(c))

13. Find lim (=£7 — )

r—1+ lnx
A) oo B) 3e c)1-1 D) 1 E)}
F) 2 G) 1 H) 2 -1 J) —
(An example done in class!)

n ( r L) — 5 zlnz — (xz—1) (which is of f «Q v L'Hospital'
im (=5 mz/) = M o _Tymg (Whichis of form "5, so we can try L'Hospital's
Rule)

— Inz+ai-1 _ li Inz “0 0 yoain) — i 1 1
=, (z—1)1+Inz - (z—1)L+Ina (form 5 " again) — m S+1 2




14. The follow graphs show three graphs labeled 1), ii) and iii).

One of these is a position function s = f(t), one is the velocity function v(¢), and one is the
acceleration function a(t). List these in the correct order. For example,

choose answer i), iii), ii) if you think i) = position, iii) = velocity, ii) = acceleration)

A) i), i), iii) B) i), iii), i) Q) ii), i), iii)
D) ii), iii), i) E) iii), i), ii) F) iii), ii), i)

(There are only 6 possible answers for this question. There is no error in your test booklet.)

(I added the labels a, b, c in the figure to make it easier to write out the solution.)
Function 1) is decreasing between a and b, so its derivative must be negative between a and 0.
Therefore i)’ = i) is impossible and
i)’ = iii) is impossible.
Therefore 1) must be the acceleration (because it's the only graph whose derivative isn't pictured!)

So one of ii) or iii) must be the position function, and the other must be its derivative (velocity).

Function iii) is decreasing between b and c, so its derivative must be negative between b and c.
Therefore iii)'= ii) is impossible.

So ii) = position, and iii) = velocity (and you can check that ii)’ = iii) is consistent with the\
graphs)

The correct sequence is ii), iii), 1)




Questions 15 - 19 are “true /false” questions (worth 1 point each)
15. If f"(6) = cos® 0, then f has an inflection point at § = Z.

A) True B) False

J"(0) doesn't change sign at 7, so there is no inflection point.

22
16. The Extreme Value Theorem guarantees that f(x) = eez j—ll has a local maximum

somewhere in the interval [1, 5].

A) True B) False

f is continuous on the closed interval [1, 5] (the denominator is 0 only when 2 = 0). Therefore
the Extreme Value Theorem says that f has both an absolute maximum and absolute minimum in
the interval [1, 5].

: -3 _ i L 1
17. lim 55=5 = lim 5. = 3

A) True B) False
lit‘% ;Qi?;) = % = 0. (L'Hospital's Rule does not apply since the limit is not an indeterminate
form).

18. For the function f(z) = ﬁ, the Mean Value Theorem guarantees that there must be a

point ¢ in the interval [0, 27] where f'(c) = 0.

A) True B) False

flx) = ﬁ is not continuous on the interval [0, 2] because cos2(§) = 0. So the assumptions
of the Mean Value Theorem are not satisfied.

19. y = 1 is the linear approximation at O for the function y = f(x) = cos x.

A) True B) False

f'(z) = —sinz,so f/(0) = 0. The linear approximation at 0 is

L(z) = f(0)+ f/(0)(x —0) =14+0(zx—0) = 1.
Theline y = 0 is the tangent line to the graph of y = cos z at the point (0,1)




PART II (25 points)

Name WUSTL ID

Circle the time of your discussion section on the line that has your TA's name:

Mr. Gong Cheng, 8 a.m. 9 a.m. 10 a.m. 11 a.m.
Mr. Cody Stockdale, 8 a.m. 9 a.m. 10 a.m. 12 p.m.
Ms. Wei Wang, 10 a.m. 11 a.m. 12 p.m.
For each problem, clearly show your solution in the space provided. “Show your
solution” does not simply mean “show your scratch work” — you should cross out any scratch

work that turned out to be wrong or irrelevant and, where appropriate, present a readable, orderly
sequence of steps showing how you got the answer. A correct answer without supporting work

may not receive full credit.




1. Given the following information:  f(x) = 2’ — 5zt
f'(x) = ba’(x —4)
f'(x) = 202%(x — 3)

A) What are the critical numbers of f?
There are no z's for which f’(x) does not exist; so the only critical numbers are the z's for

which f'(z) = 0:
523 (z—4)=0 - z=0,z=14

‘Answer: 0, 4

B) At what points, if any, does f(z) have a local maximum or minimum (and why)?
forz <0: f'(x) >0 f is increasing
for0<z<4: fl(z) <0 f is decreasing
ford < x: fl(x) >0 f is increasing

so f has a local maximum at 0, and a local minimum at 4.

Note: f”(0) = 0 so the Second Derivative Test cannot detect the local max at 0.
17(4) = 20(4)*(4 — 3) > 0, so the Second Derivative Test could be used to
detect the local minimum at 4.

| Answers: | local maximumat z = 0 | local minimum at x = 4

C) On what interval(s) is f concave up or concave down ?

When —co <z <0 f"'(x) =202z —3) <0 f is concave down
When O0<z<3 f'(x)=202%*z—-3)<0 f is concave down
When >3 f'(z)=202*(x—3)>0 f is concave up

| Answers: | concave down on ( —00,0) U (0,3) | concave up on (3, 00) |

D) Where do inflection point(s) of f occur?

f"(x) = 202*(x — 3) = Owhenz = 0, = = 3. There are no z's where f”(x) does not exist, so
0, 3 are the only candidates for points of inflection,

Although f”(0) = 0, f does not change concavity there. The concavity only changes at x = 3.

‘Answer: There are inflection points for f at © = 3

Not required, but just for insight, the graph of y = f(x)=2" — bz* is on the following page:






2. Find each of the following limits (if it exists).
If the limit does not exist because the function goes to co or — oo, then include that
information in your answer.

a) lim \/_ln:z:

z—0F

This limit is of the form 0 - ( — c0). Rewrite as a fraction and apply L'Hospital's Rule:

1
Inz . Inx . z . 1

lim flnm—llm T:hm—]@hm ”3L:Hllm —2x2 =0

r—0t r—0t W z—0t 72 z—0F —%:E77 r—0F

Final answer: 0

b) lim (332 + 1)(ﬁ)

T—00

1 1 2.1

Let y = (2% + 1)(R7) solny = LIn(a? + 1) = %
In (22 +1) 2z
lim lny = lim T (form uOO”) I_é—[ lim T :rl

2z LH dr
=lim 22y = imay =2

Therefore, as t — oco: Iny — 2, so

y = elny N 62

Final answer: e2




3. a) On Monday, Boris and Natasha go walking. They begin at the same point. Boris walks

north at a rate of 3 miles/hr and Natasha walks east at a rate of 4 miles/hr.

distance s between them increasing after 2 hours?

%:?nnph

dy _
> At

4mph

dy

da ds
2:cd—7£ + QyE = 2$d—t9

After 2 hours: z = 6,y = 8 and then 62 + 82 = 100 = s2,s0 s = 10

2(6)(3) + 2(8)(4) = 2(10) &
100 = 20%
4% =5 (mph)

How fast is the

‘ Final answer: 5 mph

b) On Tuesday morning, Natasha is 4 miles east of Boris. Natasha walks north at a rate of 4
miles/hr, but Boris (B) does not move. He watches Natasha (with a telescope). How fast is the
angle 0 growing after 1 hr ? Include units on your answer.

4 miles

dy _

o = 4mph

tanf = ¥ soy = 4tané.

After 1 hr: y =4,

Therefore ‘é—f{ = 4 sec? 9‘;—?

sotan 0 = % = land

1 + tan?d = sec?0, so 2 = sec?6

do do
4=4sec’ 0% =4(2)F

ao __
20 — 1
di_ 1
dt 2

Final answer: % radians/hr

(that's ~ 28.6° /hr)




DO NOT WRITE ON THIS PAGE. IT IS FOR SCORING PURPOSES ONLY

Part I Scores

Ql: /9
Q2 /8
Q3: /8

TOTAL PART II: 125



