Linear approximation example: the table gives the population /N (¢) of Nepal (in

millions) in June of each year:

1985 | 1990 | 1995 | 2000

2005

17.04 | 19.33 | 21.91 | 24.70

N(t)

27.68

Use a linear approximation to approximate the population in June of 1989.
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1989 is close to 1990 (a time when we have some actual data), so we look at the linear
approximation ( = tangent line approximation) to the graph of N (¢) at a = 1990.

L(t)
= 19.33 + N /(1990) (¢ — 1990)

We need to estimate N '(1990) :
two secant lines:

21.91-19.33

19.33 -17.04

= N(1990) + N '(1990)(t — 1990)

we do that, in the usual way, by averaging the slope of

~

~ 1
N'(1990) ~ 5 (Jg55=7900 ) + (500 —19%5

Q

So

)

~

1(0.5160 + 0.4580) = 0.4870 (millions/year)

L(t) ~ 19.33 4+ 0.4870 (t — 1990) and we estimate

L(1989) ~ 19.33 4+ 0.4870 (1989 — 1990) = 19.33 — 0.4870 = 18.8430

~ 18.84 (millions)



The graph below shows the population curve and also the tangent line approximation.
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Example using differentials: The radius of a circular disk is given as 24 cm with a
maximum error in measurement of 0.2 cm.

Use differentials to estimate the maximum error in the calculated area of the disk.

A = r? ‘fl—f = 27r dA = 2nrdr

Calculated area: A =m(24)? =576 cm? ( ~ 1809.6 cm?)

Because of an error in measurement, the radius might actually be as big as 24 + 0.2.

If r is increased from 24 by an amount Ar = dr = 0.2, then the actual change in the
calculated area would be AA = A(24 + Ar) — A(24) = A(24.2) — A(2).
We can conveniently approximate AA ~ dA = 27(24)(0.2) = 9.6 cm?.

So we estimate the maximum error if calculate area as 9.6 cm? ~ 30.2 cm?

Note: if the measurement error was 0.2 cm in the ““opposite direction,” that
is, if dr = — 0.2, then the change in the calculated area would be about
dA = 2nrdr = 27(24)( — 0.2) = — 9.6 cm?. So we can say (either way)
that the maximum error in the calculated area is 9.6 cm? (either too large or
too small.)

The maximum relative error in calculated area is 82 ~ & = 281 — 36 ~ (017
576 ™ 576 )

Note: we could also calculate the relative error in area by 82 ~ 44 — 21rdr

= 2% =2 % ~ .017. In this version, % represents the relative error in the radius,
and the relative error in the area calculation is twice the relative error in the radius
calculation.

The maximum % relative error in calculated area is about 1.7%.




