
An alternate explanation of the Product Rule works.  ( A different explanation is given in
the textbook/in class).  This is just an optional “sidetrack” for those who are interested.

Assume and are differentiable    . 
1.  The first step:  if  is differentiable, how can we find the derivative of
       which, for convenience, we will write as ?
For example, if we knew how to find in  could we then also find sin ? 

     
The answer is yes, using a much more powerful rule called the Chain Rule (to be
discussed soon in class).  But for now, how to differentiate  ?

Use the definition:
    

 
        

  lim lim 

        lim lim 
   



          
  lim

Since we are assuming  is differentiable, then  is also continuous, so 
lim lim            , and therefore 

So                     
  lim

Example: let so                  

Our formula gives:   
      

        
   

               
 You could check this by first multiplying out      
 then differentiating the resulting polynomial, and comparing the answer to
         by also multiplying this out.
Example:  Let .  Let's calculate       

 
In fact, we'll do it two different ways (but of course, the answers must be the same):
    i)    

                  
            



 ii )Alternate computation 
   

             
            

                  

Since the answers to i) and ii) must actually be the same, we can equate them:
         

              

Subtracting     and  from both sides of the equation, we are left with   
   
          

Now divide both sides of the equation by , and we are left with the
PRODUCT RULE:          

(Note: proof from Piotr Josevich, American Mathematical Monthly, 123(5),
May 2016, p. 470)


