Example We proved in class (and its in the textbook) that for a square upper or lower triangular
matrix, the eigenvalues are the numbers that are on the diagonal of the matrix.
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IfA= 0 |, then the eigenvalues of A are A = 1, 3, 6.
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We can immediately argue: there are 3 different eigenvalues. If we pick eigenvectors for each
one, say by, bz, and b3 then we know from a theorem (in the text, proved in class) that these
eigenvectors must be lilnearly independent vectors (in R?). Therefore these eigenvectors will
form a basis for R®. Therefore A is diagonalizable.

To actually diagonalize A, we need these eigenvectors.

This requires solving each homogenerous system:
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For each equation, the solutions form the eigenspace corresponding to the eigenvalue.
Each eigenspace here is one dinemsional (a line through 0 in R?)
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We can choose (from these eigenspaces) eigenvectors | —5 |.| —3 |, | 0 | which are then an
1 5 1
eigenvector basis for R?.
We can then diagonalize A :
5 0 0][1L 00 5 0 0]
A=PDP'=| -5 -3 0||0 3 0 -5 =3 0
1 5 1110 0 6 1 5 1
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Question: Since the eigenvalues of a square upper triangular matrix are the entries on its
diagonal, can we row reduce a square matrix A to an echelon form (which is upper triangular)
and then just read off the eigenvalues?

Answer: NO, EROs can change the eigenvalues of a matrix as the following example shows
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A:{O Q]NL 3}:3 (only one ERO used)

A is upper triangular, and its eigenvalues are A = 1, 2
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gives that the eigenvalues of B are —5—— =2+ /2

For B : det(B—M):det[lIA ]:)\2—4)\+2:O



Example

The linear transformation 7" : R? — R? “relect across the line y = %m”
What is the matrix A for which T'(z) = Az ?
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One way to find A is to use a little geometry to figure out 7'(e1) = {9} and T'(ez) = {{7] .

Then we will know the columns of A and can write down immediately: A = [T'(e1) T(e2)]

A different insight, using eigenvectors and eigenvalues, gives us some insight and also leads A
by a more roundabout computation.

What are the eigenspaces and eigenvalues ( we need to argue geometrically since we don't know
the entries in the matrix A ) — which vectors go into multiples of themselves? what multiples?

i) for each vector « that is on the line y = %w, reflecting across that line does nothing.
Each such z is an eigenvector with eigenvalue A = 1 because Az = 1 - x. The line y = %l’ is

the eigenspace for A = 1. The eigenspace can be described, for example, as {¢ [ ﬂ : treal}.

ii) each vector x on the perpendicular line y = — 2z is also an eigenvector, but with
eigenvalue A = — 1. For example, A[ B ;] = [ _ ;] =(-1) [ B ;] . Theliney = — 2z
. . . : -1
is the eigenspace for A = — 1. The eigenspace can be described, for example, as {t NE t

real}.
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are linearly independent (as we proved earlier they must be, since they have different
eigenvalues) and form a basis for R%. By our diagonalization theorem, A is diagonalizable and

B o2 =111 o [2 -1]"
A=PDP _[1 2 [lo —1||1 2

2 —1]7" 2 1
. - o l . .
Since [1 9 ] =z [ 1 2} , we can multiply out and find

Pick one eigenvector from each of these eigenspaces: say [ﬂ and [ ] . These eigenvectors

2 —11[1 o0 2 1 : 3 6 .8
_ -1 _ 1 _ |5 5 _
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(So, in retrospect, we know T'(e1) = | } | and T'(e2) = 5| — as we could have figured
5 5

out in the first place, with some geometry, as a way to get the matrix A)

Note: [ sinf

] = the first column of Asatisfies (2)* + (\074)2 =1, so [ ] = {cos&] for some
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angle 0. The matrix A resembles a rotation matrix; but for a rotation the second column would

then need to be
cos

— sinf . . . .
] = [ ] ; Ais not a rotation matrix (and geometrically the
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reflection  — Az is obviously not a rotation).

. : cos —sinf a b o
A 2 X 2 rotation matrix R = [ sinf cos@] = [c d] satisfies

a+c?=1=0*+d*>=1anddetR = 1.

This reflection matrix A satisfies the first comdition, but det A = — 1



Example (continued)

3 4 -1
z E 2 —1||1 012 -1
_ 5 5 _ -1 _
We have A = % _% = PDP —{1 2]{0 _1][1 2]
. 1
Suppose we pick zg = [3],then let

T — A:L'(),

o — A:L'l = A2$0,

Lk+1 = Aa:k =

k+1
A+$0

We would like to.know how the x;'s behave as k — oo

Computing a nice formula for A*! could be hard, but the diagonalization of A, makes our work

Notice that if A = PDP~!, then A2 = (PDP~Y)(PDP~!) = PD>P~!

easy.

S —_ Ak+1 1 _

O$k+1 _A 3 -
B 2 —1
|1 2
B 2 —1
|1 2
2 -1
|1 2
2 -1
|1 2

Thus, 1 = |:_i):|,x2:|:

A3 = A A? = PDP-Y(PD?P~!) = PD3 P!

ARl — A. Ak = PDP~}(PD"P~!) = PDH+1p-!

PDk-HP—I [1:|
3

1 01" 2 —117'M1
0 -1 1 9 3
101" 2 11
0 —1] 5| -1 2][3
1k+1 0 1

0 (_1)k+1][_1]

U itk is odd
1 0:|_ 3 1 1S O
_ k+1 | —

0 (=1 [_ﬂ if k is even
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Multiplying by A over and over just reflects the initial vector z back and forth across the line



In this example, it should have been clear (geometrically) that this is exactly what a reflection
across y = %w would do. The point of the calculation is just to illustrate how, perhaps in a more
interesting situation (see the material about “Spotted Owls” later in Chapter 5, the
diagonalization of a matrix A could be useful in looking for thelong term behavior of the xx's.



