Inner Product Spaces

In R™ we have an inner product w - v = u’ v = ujv; + ... + u,v,. Another notation sometimes
used is

<u,v> =u-'v=uTv:u1v1+...-|—unvn

The_inner product in < w, v > in R™ has several essential properties (see Theorem 1, p. 331) that
we have used repearedly:

Q) <u,v> = <v,u>

b) <ut+v,w> = <u,w> + <v,w>

) <Cu,v> =c<u,v>

d) <wu,u> >0and <wu,u>=0ifandonly if uw = 0.

We defined the “length” of a vector w by ||« || = / < u,v >, and the distance between two
vectors u, v as ||u — v ||, thatis, as \/ <u —v,u —v > .

Earlier in the course, we used the “essential properties of vectors in R™” as the starting point to
define more general vector spaces V' (p. 190). In the same spirit, we now use the properties a)-d)
to describe, in any vector space, “how an inner product should behave.” For a vector space V
with real scalars: any rule < x,x > that creates a scalar from each pair of vectors in V_and
satisfies a)-d) will be called an inner product in V. (Properties a)-d) are modified slightly when
complex scalars are allowed.) A vector space V' with an inner product defined is called an inner
product space. Because such an inner product “acts just like” the inner product from R", many of
the same theorems remain true. You can look at a little of this material in the textbook: Section
6.7.

Here is a little more detail involving one specific example

Let C[ — m, 7] be vector space of all continuous real valued functions defined on the
interval [ — 7, 7] : call it C, for short.

For vectors (functions) f, g in C, define an inner product by
<f9> = [ f(2)g(x)dz
This definition satisfies all the essential properties for an inner product listed above:

a) <f,9g> = <gf>
because [*_f(z)g(z)dz = [*_g(z)f(z)dx

b) <f+gh>=<fh>+ <g,h>
because f:r (f(z) +g(x))h(z)dx = ffﬂf(:c)h(a:) dzr + ffﬂg(:c)h(z) dz

€) <cf,g>=c<f,g>

d <f,f> >0and < f,f> =0ifandonly if f =0 ( the constant function 0)
You should check ¢) and d). The last part of d) is the only one that uses
that the functions f € C' are continuous.

Continuing to parallel to our definitions in R", we define the norm (or “length”) of f by



Ifll =V <f.f> =y [ f@)de

and the distance between f and g as

11 =gll =/ J7, (f(x) - g(x))2dz
and we say that f and g are orthogonal (f L g) if < f,g> = ["_f(z)g(z)dz =0
For example: on [ — , 7], the functions sin and cos are orthogonal because
[" (sinz)(cosz)dz = L [ sin(2z)dz = — Jcos(2z)|™, =0
Many of the techniques we developed using inner products still work. For example:

If {f1, f2, ..., fn} is @ basis for a subspace W of C, we can convert the basis into an
orthogonal basis using the same Gram Schmidt process.

For a subspace W, we can define W+ = {f: < f,g> =0forall gin W}

If W is a subspace of C' with an orthogonal basis* {¢1, ...,g,}and f € C
then we can uniquely write f = } -+ g where f €cWandge W+,

fis called the projection of f on W and f is given by the formula

~

<frgp1> <fign>
f <91, gl>g + + <Yn, 9u>gn

Then ? is the function in T closest to f, that is

I f =71l <Ilf— gl forall gin W different from f

Note: Unlike R™, C'is not finite dimensional. But for the results just listed, that
doesn't matter. What does matter is that the subspace W is finite dimensional.

A calculation in C' : find the polynomial of degree <5 in C' that is closest to the function sin.

We use the subspace W = Span{1, x, 2%, *, z*, °}. The polynomial we want
is ¢ = sin~ = projy, sin. This polynomial g is the closest in T/ to sin — closest in the sense of
the distance we defined:

m - 1/2 - -
llg — sin|| = (f_ﬁ|q(m) —sinz)? d:r:) is as small as possible.
In that sense, ¢ is the “best available approximation in W for sin.”

It's easy to compute Proj,sin if we choose an orthonormal basis for 1. So we convert the
standard basis



{v1,v9, ..., v6} = {1, z, 2%, ...,2°} into an orthonormal basis
{e1,e2,€,,...,66}
We use the Gram Schmidt process (and normalize, to get a vector of length 1 at each step).

Note: the integrations below were done using Matlab. Although every integration needed
to find the ¢;'s is very easy, the constants that arise are messy and pile up fast; they can
easily lead to errors when the computation is done by hand. Try to compute at least ey,
es, eg for yourself (with or without computer assistance) to be sure you understand what's
going on. The steps are the same as for the usual Gram Schmidt process in R".

We start with the first basis vector v; = 1. But v; is not a unit vector in C because
[|o1]|* = |]1]]* = /7 1-1dz = 2m. So we normalize and use
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For j = 2,...,6 in turn we use the Gram Schmidt formula, normalizing at each
step to get a unit vector:

e; — v; — <vj,e1>e; — <Vj,ea>€p — ... — <V;j,8j_1>€j_]
J ”Uj — <wje1>e; — <vj,ea>ey — ... — <Vj,€j-1>€5-1 ”
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Notice that each integration requires nothing harder than [z" dx
But already the constants are becoming a headache
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Continuing in this way gives:
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Then ey, ...

eg are orthogonal polynomials of degree < 5; we use them as our orthogonal basis
for W. With them, we can compute

q(x) =Proj,sinx = <sinz,e; > e + <sSiNz,ea > ey + ...+ <sinz,es > e

(f7 (sinz)e; dx)er + (7 _(sinz)esdz)es + ... + (" (sinz)es dz)
— (J7 (sina)

\/%dx)\/g—ﬂ—i-(f (sinz) ‘f"Ld) 6z

any/m V) T/
+ ...+

three more terms corresponding to ey, e5, and ¢4

(Notice that the integrations involved are now more challenging because they
involve terms like [ z"sinx dz. But they are manageable, with enough patience
using integration by parts.)



When all the smoke clears, Matlab gives
q(z) = Zir ((337* — 34657 + 31185)2° + (37507 — 307 — 346507%)2?

= %700

+ (57% — 76570 + 74257%)x)) (*)

If we convert the exact coefficients in (*) to approximate decimal coefficients we have
q(x) =~ 0.98786213557467z — 0.15527141063343 x> + 0.00564311797635 x°

In the sense of the distance || || that we defined in C, ¢ is the closest polynomial in W to sin.

For comparison: there is better known 5™ degree polynomial approximation for sin z: use the
5t degree “Taylor polynomial:”

Ts(x) = £(0) + f/(0)a + L2 4 4 L0

.

3

For f(z) =sinz, sinx =~ Ts(z) = = — % + %

With approximate decimal coefficients,

Ts(z) = z — 0.1666666666666 72> + 0.008333333333332°

Because 75 () is constructed using derivatives of f at 0, it turns to be the better approximation
for sin x near 0, but it produces a larger and larger error as x gets further and further from 0.

We can see this in the figure on the next page.



The figure below shows the graphs of sinx, T5(z) and ¢(x) on the interval [ — 7, 7].

Across the whole interval [ — 7, 7] : the graphs of sin x and ¢(z) are so close that you can't see
any difference between them at this scale. You can see that 75(z) and sin z also are
indistinguishable near 0 but get fairly far apart as x gets nearer to the endpoints =+ .

The table on the following page illustrates three things (the third is not clear from the graphs
above):

i) As we move away from 0 toward =+ 7, the approximation from 75 (z) is not as good as
the ¢(x) approximation

ii) Linear algebra gives us the ¢(x) approximation. It has the advantage that it gives us a
good approximation for sin z over the whole interval [ — 7, 7].

i) The Taylor polynomial T5(x) is actually a better approximation than ¢(x) for sin x
when z is near 0 (in some sense, T5(x) is acutally the best of all 5" degree polynomials to
approximate sin x near 0).



X

-3.1416
-2.9416
-2.7416
-2.5416
-2.3416
-2.1416
-1.9416
-1.7416
-1.5416
-1.3416
-1.1416
-0.9416
-0.5416
-0.3416
-0.1416
0.0584
0.2584
0.4584
0.6584
0.8584
1.0584
1.2584
1.4584
1.6584
1.8584
2.0584
2.2584
2.4584
2.6584
2.8584
3.0584
3.1416

sinz

-0.0000
-0.1987
-0.3894
-0.5646
-0.7174
-0.8415
-0.9320
-0.9854
-0.9996
-0.9738
-0.9093
-0.8085
-0.5155
-0.3350
-0.1411
0.0584
0.2555
0.4425
0.6119
0.7568
0.8716
0.9516
0.9937
0.9962
0.9589
0.8835
0.7728
0.6313
0.4646
0.2794
0.0831

All table values are rounded to 4 significant digits

T5(£C)

-0.5240
-0.5347
-0.5979
-0.6891
-0.7884
-0.8800
-0.9516
-0.9947
-1.0035
-0.9754
-0.9098
-0.8086
-0.5155
-0.3350
-0.1411
0.0584
0.2555
0.4425
0.6119
0.7569
0.8719
0.9526
0.9964
1.0028
0.9734
0.9128
0.8282
0.7304
0.6336
0.5561
0.5204

so, for example, 0.0000 is not exactly 0

q(z)

-0.0160
-0.1966
-0.3827
-0.5600
-0.7169
-0.8447
-0.9372
-0.9906
-1.0032
-0.9749
-0.9077
-0.8047
-0.5106
-0.3313
-0.1394
0.0577

0.2526
0.4380

0.6068
0.7524

0.8690

0.9515

0.9963

1.0009

0.9644
0.8877

0.7740
0.6283
0.4583
0.2742

0.0894

|Error| =
| sinz — T5(z) |

0.5240 < large T;

0.3361

0.2084 «— near — =

0.1244
0.0710
0.0385
0.0196
0.0092
0.0040
0.0015
0.0005
0.0001
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
0.0000
0.0001
0.0003
0.0010
0.0027
0.0066
0.0145
0.0293
0.0554
0.0991
0.1690

0.2767 « large Ty

0.4373

9.0000 0.5240 0.0160 0.5240

«— lerror]|

«— very
«— small
« |error|
«— near 0
«— using
— Tx

«— approx

«— lerror]|
«— nearmw

|Error| =
| sinz — q() |

0.0160 < smallish g
0.0021 <« |error]|
0.0067 <« over
0.0047 <« the whole
0.0005 <« interval
0.0032 :

0.0052

0.0052 T

0.0036

0.0011

0.0016

0.0038

0.0049 « but |error|
0.0037 « for ¢
0.0017 «— near O
0.0007 « is larger
0.0029 + thanfor
0.0045 «— Tsapprox
0.0051 :

0.0044

0.0026

0.0001

0.0026

0.0047

0.0054 T

0.0043

0.0012

0.0030 <« smallish g
0.0063 «— |error]|
0.0052 « over
0.0063 <« the whole
0.0160 <« interval



One more example, without many details

We are still working in the vector space C' of continuous functions on the
interval [ — , 7.

Conside the subspace W = Span {1, sinz, sin2x, ..., sinnz, cosz, ..., cosnx} for
some n.

You can check that these functions form an orthogonal basis for W : .

For example, to show sin2z L cos3zx :
< sin2z,cos3z > = ["_(sin2z)(cos 3z) dx
Since sin(a+ ) = sinacosf + cosasing

and  sin(a— () sina cos 3 — cosasing
then sin(a+3)+sin(a—pB) =2sinacosf

Ifweleta =2z and § = 3z, we

sin(bzx) + sin( — x) = 25sin (2z) cos (3x)
so  3(sin(5z) —sin(z)) = sin(2z) cos (3x)

Therefore ["_(sin2z)(cos3z) dz = 5 ["_sin(5z) — sin (z) dz
=1 ( —3cosbz+coszdx )T, =0
A function in W is a linear combination of the basis elements.

If fisin C, we can compute projy f = ? = the function in W closest to f

_ <f(@),1> <f(x),cos x> <f(x),cosnz>
= ~2iis 1+ Zaosrooses COST F -+ Ziogur cosnas COS N

<f(z),sin z>
<sinz,sinz>

<f(zx),sinnz>

<sinnz,sinna> Sinnx

+ sine + ... +

For the denominators:
<1,1> =["1-1dz=2r
< cos kz,coskaz> = [7 cos’ kzdx =7  (why?)

< sinkaz,sinkz> = [7 sinkxdz =7 (why?)



So proju f = f
= 5 (3 [0 f(@) 1dz)1
+ L(J7 f(x)-cosz dz)cosz + ...+ 1(fT_f(x) - cosnzdz)Ccosnz
+ (T f(z)-sinz dz)sinz + ...+ L([7_f(z)-sinnzdz)sinng
% + a1€0Sx + ... + a,C08nx + bisinz + ... + bysinnz
~ n n
So proju f = f = % +I€Zakcoskx +I§15in kx (%)

1

where ag =1 [ f(z)-1dx

and {ak -
b, =

The coefficients used in writing projy, f are called the Fourier coefficients of f

(x)-coskrdx) forl< <k<n
(x)-sinnxdz) forl< <k<n

(2. f
(I f

A=y =

and the “trigonmetric series” (*) is the n" Fourier approximation for f.

If n — oo, then || f — projw f || — O, that is, the approximation error — 0 (as
measured by our distance function || f — projyw f || . (This is called “mean square
convergence.”)

“Mean square convergence” is not the same as saying:

foreachx € [ — m, 7], f(x) — f(x) (thisis called “pointwise convergence”)
and it's a much harder problem to determine for which z's this is true.
However, pointwise converge is true, for example, at any point x where f is
differentiable.



