
A Memorable Proof of the Cantor Schroeder Bernstein Theorem

Perhaps due to Irving Kaplansky: I've not found anyone who is sure

Lemma Let  be a set. Suppose  is monotone:  that is, if \ À Ð\Ñ Ä Ð\Ñ E © F< c c
then   Then there is a subset  for which < < <ÐEÑ © ÐFÑÞ J © \ ÐJÑ œ J Þ

Note:   is an arbitrary function mapping subsets of  to subsets of , but < \ \ not

necessarily one induced by some mapping , so monotonicity is not automatic.0 À \ Ä \

Proof   Let and define .µ µœ ÖF © \ À F © ÐFÑ× J œ< -
 For  we have . Thereforeeach F − F © ÐFÑ © Ð Ñ œ ÐJ Ñµ U< < <-
 -µ œ J © ÐJÑÞ<

 Since monotonicity gives so .J © ÐJÑß ÐJ Ñ © Ð ÐJ ÑÑß ÐJ Ñ −< < < < < µ
 Therefore <ÐJ Ñ © œ J Þ-µ

 So <ÐJ Ñ œ J Þ ñ

Theorem (Cantor-Schroeder-Bernstein)  Suppose  and  are sets and that both\ ]
0 À \ Ä ] 1 À ] Ä \ 2 À \ Ä ] Þ and  are one-to-one.  Then there is a bijection 

Proof   Define  by   Because functions< <À Ð\Ñ Ä Ð\Ñ ÐEÑ œ \ � 1Ò ] � 0ÒEÓ ÓÞc c
preserve inclusion and complements reverse inclusion, we see that if , thenE © F
< <ÐEÑ © ÐFÑÞ

 By the Lemma, there is a set  for which (J ÐJ Ñ œ J Þ< This means that  takes 0 J
to a set whose complement is mapped by  to the complement of .1 J )

             Define by2 À \ Ä ]

   
if 

if 
2ÐBÑ œ

0ÐBÑ B − J

1 ÐBÑ B − \ � J Þœ �"

Then  is a bijection. 2 ñ


