Let (X, <) be an infinite poset. A subset C' of X is called antichain if no two elements of C'
are comparable: Va,b € C if a # b, then a « b and b « a. Prove that C contains either an
infinite chain or an infinite antichain.

Proof Suppose X has no infinite antichain.

If X has no minimal elements, then pick z; € X. Since x; is not minimal, there is an
To € X with o < x1. Since x5 is not minimal, there is an x3 € X, with 3 < zo. In general,
having defined x,, in this way, there is an x,,,; € X with x,,,1 < x,,. In this way we inductively
define an infinite (decreasing) chain x; > x5 > ... > x, > ... and we are done.

So suppose X has minimal elements. An infinite set of minimal elements would be an
infinite antichain (since no two minimal elements are comparable), so X can have only finitely
many minimal elements. Let M = {m € X : m is a minimal element}.

Foreachm € M, let C,,, = {z € X : > m}. Then X — |JC,, has no
minimal elements, because a minimal element = in X — | JC,,, would also be a
minimal element of X: ify € C,,, theny £ z, since m < y < x would mean
that x € C,,,.

If X — |JC), is infinite, then (as above) it contains an infinite decreasing
chain and we are done.

If X — |JC,, is finite, then least one C,, is infinite: suppose
Cy = {x € X : x > my}is infinite and has a smallest element .

To summarize: if an infinite poset contains no infinite antichain, then it contains either an
infinite decreasing chain or an infinite subset with a smallest element. ()

To complete the proof, suppose X contains no infinite antichain and no infinite decreasing chain.
(These properties, are also true, then, for every subset of X.) We inductively define an infinite
increasing chain in X. This requires using () repeatedly.

l. Let X; = Cy — {my} = {x € Cy : © > my}. X; has no infinite decreasing chain,
so X contains an infinite subset C'; with a smallest element m, and my < m;.

2. Let Xo = Cy — {my1} = {z € C, : x > my}. X, has no infinite decreasing
chain, so X contains an infinite subset Cs with a smallest element 1719
and my < my < mo.

(continue in this way)

n. Let X,, = C,_1 — {m,—1}. X,, has no infinite decreasing chain, so X, contains an
infinite subset C,, with a smallest element m,, and mg < m; < mq < ... < my,

In this way, we get that X contains an infinite (increasing) chain. e



