
Let  be an infinite poset.  A subset  of  is called  if no two elements of Ð\ß Ÿ Ñ G \ Gantichain

are comparable:  if , then  and .  Prove that  contains either an/ /a+ß , − G + Á , + � , , � + G
infinite chain or an infinite antichain.

Proof Suppose  has no infinite antichain\ Þ

 , then pick   Since  is not minimal, there is anIf  has no minimal elements\ B − \Þ B" "

B − \ B � B Þ B B − \ B � B Þ# # " # $ $ # with   Since  is not minimal, there is an , with  In general,

having defined  in this way,  there is an  with   In this way we inductivelyB B − \ B � B Þ8 8�" 8�" 8

define an infinite (decreasing) chain and we are done.B � B � ÞÞÞ � B � ÞÞÞ" # 8

 . An infinite set of minimal elements would be anSo suppose  has minimal elements\
infinite antichain (since no two minimal elements are comparable), so\ can have only finitely

many minimal elements. Let  is a minimal element .Q œ Ö7 − \ À 7 ×

  For each  let   Then  has 7 − Qß G œ ÖB − \ À B   7×Þ \ � G7 7- no

  , because a minimal element  in  would also be aminimal elements B \ � G- 7

  minimal element of :   if then , since  would mean\ C − G ß C �Î B 7 Ÿ C � B7

  that B − G Þ7

   If  is infinite, then (as above) it contains an infinite decreasing\ � G- 7

   chain and we are done.

   If  is finite, then least one  is infinite: suppose\ � G G- 7 7

   is infinite and has a smallest element G œ ÖB − \ À B   7 × 7 Þ! ! !

To summarize:  if an infinite poset contains no infinite antichain, then it contains either an

infinite decreasing chain or an infinite subset with a smallest element. Ð‡Ñ

To complete the proof, suppose  contains no infinite antichain and no infinite decreasing chain.\
( .)  We inductively define an infiniteThese properties, are also true, then, for every subset of \
increasing chain in   This requires using  repeatedly.\Þ Ð‡Ñ

 1. Let .   has no infinite decreasing chain,\ œ G � Ö7 × œ ÖB − G À B � 7 × \" ! ! ! ! "

 so  contains an infinite subset  with a smallest element , and \ G 7 7 � 7 Þ" " " ! "

 2. Let .  has no infinite decreasing\ œ G � Ö7 × œ ÖB − G À B � 7 × \# " " #1 1

 chain, so  contains an infinite subset  with a smallest element \ G 7# # #

 and 7 � 7 � 7 Þ! " #

         ( )ã continue in this way

 n. Let  has no infinite decreasing chain, so  contains an\ œ G � Ö7 ×Þ \ \8 8�" 8�" 8 8

 infinite subset  with a smallest element  and G 7 7 � 7 � 7 � ÞÞÞ � 78 8 ! " # 8

     

     ã

In this way, we get that  contains an infinite (increasing) chain.  \ ñ
  


