The set T of transcendental numbers is uncountable: a direct proof

We proved that the set of (real) algebraic numbers A is countable. It follows that the set
of transcendental numbers T = R — A is uncountable. But here is a direct proof that T is
uncountable (from Jaime Gaspar, Amer. Math. Monthly 121 January 2014, p. 80, slightly
modified). The proof assumes you know that:

1) A is a subfield of R — that is, A is closed under addition, subtraction,
multiplication and division. This is a special case of more general results from algebra
(e.g., Math 430):

Suppose k is a subfield of K. A number 6 € K is called algebraic over k if there
is a polynomial P with coefficients in k for which P(#) = 0. The set

A = {x € K : z is algebraic over k} is a field that (obviously) contains k. We
only need this fact for k = Q and K = R.

ii) e ¢ A. In the proof that follows, 7 (or any other transcendental number) could
replace e. But if we are trying to avoid our earlier proof that T is uncountable, then
how do we know T = () without producing some specific transcendental number like
eorm?

The fact that e ¢ A is nontrivial but accessible. For example, proving it takes up
Chapter 20 in the classic honors-level text Calculus by Benjamin Spivak. (You can
download your free copy at https://archive.org/details/Calculus_643)

Comment: it's much harder to prove ™ ¢ A. However, it's curious and easy to see
that either e + m or e — wis not in A: for if both were in A, then M%ﬂ
would also be in A.
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Theorem T is uncountable

Proof Define f : [0,00) — T by f(:c):{e—kzc ife+a¢A

e—x ifet+zeA
Notice that the values of f are in T, as desired:

o ife+x ¢ A then f(z)=e+2€T
o ife+x €A, then f(x) =e — x € T because if e — z € A, then we'd have
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the contradiction that 5

Furthermore f is one-to-one, because if f(z) = f(y), then (since xz,y > 0)

z=If(z) —e|=1[f(y) —e[=y.

Therefore 7" is uncountable. e



