Review of exponential and logarithm functions
(See text material in §1.4 and 1.5)

Functions f and ¢ are called inverses to each other if each one “undoes” the effect of the other, that
is : for a in the domain of f and b in the domain of g,

i) if f(a) = b, then g(b) = a (sothat g(f(a)) = a)
ii) if g(b) = a, then f(a) = b (so that f(g(b)) = b
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For example, f(x) = 2z and g(x) = 3

x are inverses (“doubling” and “halving” undo each other).
9(f(a)) = g(2a) = 3(2a) = a and f(g(b)) = f(3b) = 2(3b) =0.

For inverse functions f and g, conditions i) and ii) tell us that:
domain f = range g domain g = range f

e If b = f(a), then (a,b) is on the graph of f.

Therefore (b, a) is on the graph of g, because g(b) = a.
and

o If a = g(b), then if (b, a) is on the graph of g.

Therefore (a,b) is on the graph of f because f(a) = b

How are these facts reflected in the appearance of the graphs of a pair of inverse function?

Relationship batweasn graphs of imverse functions v=1{ix) and y=g(x)
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The figure illustrates how the points(a, b) and (b, a) are related: each is the reflection of the other
across the line y = x. Therefore the graphs of inverse functions f and g are reflections of each other
across the line y = x. (Carefully draw the graphs of f(x) = 2x and g(z) = %x to see another
example of this “reflection” property of inverse functions.)



Exponential functions and logarithm functions are inverses of each other. The inverse of f(z) = a”
(exponential, base a) is g(z) = log,x (logarithm, base a). (Here, a > 0and a # 1. Since 17 is
constant we don't want to call it an “exponential” function; and we want to avoid functions like

( — 2)* because they aren't defined for certain x's — for example, ( —2)"/? = \/ —2 =2))

The two figures below show (on the left) the graphs of 2% and logsx for a > 0 (a # 1)
and (on the right) (%)w and log 1z (but most often we will be using a base a > 1). The graphs are

reflections of each other across the line y = .
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The domain of f(z) = a” is the set of all real numbers ( — oo < & < 00) and the range is the set of
all positive real numbers: = > 0). Therefore the domain for the inverse function g(z) = log, is the
set of positive real numbers and its range = set of all real numbers.

Because f(x) = a” and g(z) = log,z are inverse functions, it is true that

{ flg(z)) =
9(f(x))

For example, 102013 = 13 and log;(5°) = 9.

alognx =1

log,(a*) = x
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, that is {

We can think of the equation a'°%* = z as saying: “log,z is the power (exponent) to which a must
be raised to give x.” Thus,

log19p100 = 2 because 2 is the exponent to which 10 must be raised to give 100

logs 81 = 4 because 4 is the exponent to which 3 must be raised to give 81.

log,1 = 0 because a’ = 1. (Therefore (1,0) is on the graph of y = log,x for any
base a; we should have known this anyway — because (0, 1) is on the
graph of y = a”.

Since logarithms can be thought of as exponents, they have properties like exponents. For example:

log,(zy) = ? This is asking “a’ = xy”. The answer is ? = log,z + log,,
because the laws of exponents say @'°%* 102y — glogar . glogay — gq).
Therefore
log,zy = log,x + log,y



log,(z") =? This is asking “a’ = 2" . The answer is ? = rlog,x because the laws of
exponents say a"%%% = (glo&®)" = g7
Therefore
log,(z") = rlog,x

Examples: 1) logs(48) = logs(3 - 16) = logs3 + logs(16) = 1 + logs16
10g10(400) = 10g10(102) + 10g10(4) =24 10g104

2) To solve 1032"~4 = 7, we can “kill” the exponential as
follows:

logi(10°"" ) = logyo7

31‘2 —4= 10g107

5132 = (4 + 10g107)/3

r= =+ \/ (4 + 10g107)/3

3) To solve logy(7z — 3) = 10, we can “kill” the logarithm as

follows:
910g9 (Tx—3) — 910

Tx — 3 =910
z = (9 +3)/7

We can use properties of logarithms to see how to convert logs or exponentials from one base to
another.

The formulas are:

log,z z __ . xlog,b
Tog. and  *x) b* = @'

*) logbzz: =
These are easy to check using properties of logs and exponents.

Why ls *! true a(l()gb'77>(10gztb) — ((alogab))(l()gbw) — blOgb-T =
This shows that (log,z)(log,b) is the exponent to which a must be
raised to get x, which means that (log,z)(log,b) = log,x. Then
dividing gives logyz = %
(To help remember a): imagine you already know how to compute logs with base a
and want to do logs in base b instead: the “new thing” log,x (on the left) is given in
terms of the “old” things, that is both logs on the right are base a.

Why is *x) true: Just rewrite b = a'°%?. So b* = (a!°2)* = g*1ogb

These conversion formulas *) and *%) may be useful now and then. But an important conceptual
point is that it's easy (if you have the formulas) to convert between bases for logarithms and
exponentials.

For example: 27 can be written as 107 loguw?
For example, 10 can be written as Q 7 log,10

logjow

logex  can be written as o102



logox
logy10

logipx can be written as

and therefore it doesn't make any difference (in principle) which base we use in any particular
problem. We could just as easily (in principle) work with exponentials and logarithms in base 2 as in
base 10 or any other base.

However, in practice, sometimes one base is more convenient than another to use in a particular
setting. For example, if we were doing some calculations related to machine operations in computer
science, we might be dealing with lots of binary numbers. In that case, expressing certain exponential
or logarithms also using base 2 might be more convenient. Similarly, logarithms base 10 may be
handy when using logarithms in conjunction with ordinary arithmetic — since our standard number
system uses base ten numerals. Using logarithms base 10 to assist with multiplications and divisions
was very common before the days of calculators, and base 10 logarithms underlie the “slide rule,”
which was essential tool for every science and engineering student a half-century ago.

For our purposes in calculus it is often most convenient to use a certain particular base, e, and to
work with the functions

e’ and log.x (which, since we use it so much, gets a
special shorthand name: log.z = Inx)

e is a constant with (like 7) an unending decimal representation: e is approximately 2.71828

We will see in a few weeks why “base e” is so natural for use in calculus — so “natural” in fact that
we sometimes call them the “natural exponential” and “natural logarithm.”

But for now, remember that “base e” is just another possible base. For example,

e’ = 10%gwe  and Inz = —llog‘ox
0g10¢

and, for example, if your calculator can do “In”, you can also use In to find the value of and other
logarithm, say

log:35 __ In35

logi735 = 2777 = mi7

For base a = e, the earlier “inverse equations* become:

e’ =z andln(e®) ==z



The graphs look like:

Notice how in reflecting across the line y = x, the horizontal asymptote (x-axis) of y = e” turns into
a vertical asymptote (the y-axis) for the graph of the inverse y = Inz.



