
Real  Matrices with Complex Eigenvalues#‚ #

It turns out that a 2 matrix with complex eigenvalues, in general, represents a# ‚
“rotation and dilation (rescaling)” in a new coordinate system.

The text handles much of its discussion in this section without any proof.  I'll try to spell
out some of the details here.
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Lemma  Suppose  is a matrix with a complex eigenvalue  andE # ‚ # +  ,3
corresponding complex eigenvector Then Re  and Im  are linearly independent@ @ @Þ
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Theorem Suppose  is a real matrix with a complex eigenvalue  and aE # ‚ # +  ,3
corresponding complex eigenvector Ð Ñ Þ@
 

Then , where 
the columns of  are the vectors Re and Im
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Proof  From the Lemma, we know that the columns of  are linearly independent, so T T
is invertible.  To check that , we only need to verify that E œ TGT ET œ TGÞ"
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Thus  represents a counterclockwise rotation if  is chosen around the originG Ð  !Ñ)
through the angle , followed by a rescaling factor of .) <

If we use  as a new basis for , then the change of coordinate matrixU ‘œ Ö ×Re Im@ß @ #

T œ EU T œ ÓRe Im .  The@ @  effect of , broken into several steps, is:
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          switch                                   rotate and          switch back 
          to                                        dilate in new         so standard
          coordinates                  coordinate           coordinatesU
                    system

 1) If ,  represents a “pure“ rotation (in the new coordinates)< œ " G



 2) If  then the successive images <  "ß ß œ E ß ÞÞÞß œ E ß ÞÞÞB B B B B! " ! 8" 8

     move further and further away from the origin (assuming )B !! Á
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     approach the origin.
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We could continue row reducing but it's easier, here, to note that the first equation
says
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In the notation of the Theorem, we have:
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  I checked this for errors using Matlab:  rounded to 4 places, Matlab gives
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What does this mean geometrically?  As in our first example, we can write
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so  represent a “pure rotation” (the rescaling factor , and sinceG < œ "Ñ
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 Multiplication by  rotates a vector counterclockwise by an angle  around theG )
 origin and then rescales it by a factor of , but in this example ).Ð < < œ "



An alternate way of looking at this is to think of the first and last steps as simply
renaming points in the new coordinates, rather than moving points around in :‘#

       New coordinate system   Standard coordinate system
       and new graph paper   and graph paper
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The figure below shows an example where we take  and plot , B B B B! ! "œ œ E ß
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To briefly illustrate the case where let <  "ß E œ œ %‡Ð E
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$ &” • matrix  in the

preceding example).

Multiplying a square matrix by  multiplies the eigenvalues by  but doesn't change the% %
eigenvectors ( why? -- check this from the definitions of eigenvalue and eigenvector. )
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The following figure illustrates the first few iterations, starting with B! œ À
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