
HOMEWORK 8

DUE NOVEMBER 7

(1) (a) Let a ∈ N. Show that a ≤ a(a+1)
2

. Deduce that there exists

a unique φ(a) ∈ N such that (φ(a)−1)φ(a)
2

< a ≤ φ(a)(φ(a)+1)
2

,
defining a function φ : N→ N.

(b) Show that any a ∈ N is equal to a = φ(a)(φ(a)+1)
2

− j where
0 ≤ j < φ(a). Thus, we get a new function ψ : N→ N, by
ψ(a) = j.

(c) Define a function f : N → N × N, by f(a) = (φ(a) −
ψ(a), ψ(a) + 1). Show that this is a bijection.

(2) If S ≈ Nn and x 6∈ S, show that S ∪ {x} ≈ Nn+1.
(3) Show that if S, T ⊂ Ω are finite sets (Ω need not be finite),

#(S ∪ T ) = #S + #T −#(S ∩ T ).
(4) If S ⊂ Nn, show that S is finite (by induction, for example) and

#S ≤ n.
(5) If f : S → T is a surjective map with S finite, show that there

exists a subset S ′ ⊂ T such that f|S′ : S ′ → T is a bijection.
Deduce that T is a finite set and #T ≤ #S.

(6) Let S be a finite set with #S = n.
(a) Show that P(S) is a finite set and its cardinality is 2n.
(b) Let r be an integer with 0 ≤ r ≤ n and let Cr(S) ⊂ P(S)

be the set of subsets A of S with #A = r. Show that
#Cr(S) =

(
n
r

)
.

(c) Deduce the formula
∑n

r=0

(
n
r

)
= 2n.

(7) If A,B are finite sets with #A = m,#B = n at least one of m,n
non-zero, show that F (A,B) is a finite set and its cardinality
is nm.
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