Math 132: Discussion Session: Week 1

Directions: In groups of 3-4 students, work the problems on the following page. Below, list the members of
your group and your answers to the specified questions. Turn this paper in at the end of class. You do not
need to turn in the question page or your work.

Additional Instructions: It is okay if you do not completely finish all of the problems. Also, each group
member should work through each problem, as similar problems may appear on the exam.

Scoring:
Correct answers Grade
0-3 0%
4-6 80%
7-11 100%

Group Members:

Derivative Practice.

(1) (a) f(=) =

(b) ¢'(z) =

(c) W' (z) =

4.9: Antiderivatives.

(2) The car was traveling at a speed of

(3) (a) The maximum distance is

(b) The maximum distance is

(¢) The minimum time is
5.1: Areas.

(1) (d) The approximation to the area is



Math 132 Discussion Session: Week 1

Derivative Practice.
(1) Compute the derivatives of the following functions. You do not need to simplify your answer.

111‘2
@ fo) =50

Solution: Using the quotient rule, we compute that
(2z) (23 +4) — (2% 4+ 2) (32?)
(? +4)° '

fi(z) =

(b) g(x) = arctan(2x)

Solution: Using the chain rule, we compute that

1
:7-2
1+ (22)2

g'(x)

(¢) h(z) = In <COS(”““ + 1))

cos(x) + 1
Solution: Using the properties of logarithms,

h(z) = In(cos(x + 1)) — In(cos(z) + 1).

Then, using the chain rule,

sin(z)

h'(x) _ (COS(.%‘ + 1))—1(_ sin(a: + 1)) _ (COS(.%) 4 1)‘1(_Sin(x)) = —tan(x + 1) + W

Alternatively, using the chain rule and the quotient rule, we compute that

) — cos(z+1)\ ~—sin(z + 1)(cos(z) + 1) — cos(z + 1)(—sin(z))
filz) = <cos(:z) + 1) (cos(z) 4+ 1)2

4.9: Antiderivatives.
(1) In each problem below, find a function f satisfying the following properties:

(a) f'(z) = 4sin(z), f(x/4) = —1.
Solution: The antiderivative of sin(z) is — cos(x) + C, so the antiderivative of f'(z) = 4sin(x) is
f(z) = —4cos(z) + C. To find, C, we plug in = w/4. We find that

—4(V2/2) + C = -1,
C=-1+2V2.

Thus, | f(z) = —4cosz — 14+ 2V2|.

(0) o'(e) =" + =5, 9(2) =3, (1) =2
Solution: Computing the antiderivative of g” = x? + 272, we see that
g(x)=1 -2+ C
Since ¢'(1) = 2, we find that
-1+

Wl

C
C

wloo DN

Taking the antiderivative of ¢'(x) = %x?’ — 27" 4+ & we find that

3

g(z) = 1—12:E4 —Inz+ 52+ D.



(2)

Since g(2) = 3, we find that

+-16—-In24+35-2+ D=3,
D:IHQ—%.

Thus,

g(z) = 1—12x4—1n1‘+§x+ln2— a4

(c) W' (x) = cosz, h(0) =1, K'(0) =2, K" (0) = 3.
Solution: The antiderivative of h"'(z) = cosx is h”(z) = sinx + C. Since h”(0) = 3, we know that
sin0+ C =3, 80 C =3. Thus, h(z)sinz + 3.
The antiderivative of h”(z) = sina + 3 is h/(x) = —cosx + 3z + D. Since h'(0) = 2, we know that
—143-04+D =2,s0 D=3. Thus,

h'(x) = — cosx + 3z + 3.
The antiderivative of this function is
h(z) = —sinz + 32° + 3z + E.
Since h(0) = 1, we have that sin0+0+0+ E =1, so £ = 1. Thus,

h(zx) = —sinz + %:L‘2 +3x + 1.

A car braked with a constant deceleration of 16ft/s?> producing skid marks measuring 200 ft before
coming to a stop. How fast was the car traveling when the brakes were first applied?

Solution: Let « be the position of the car in feet from the point where it started braking, as a function
of time ¢ in seconds. We are given that 2’ (t) = —16, so we can compute antiderivatives to find that

2'(t) = 16t + C
x(t) = —8t* + Ct + D.
We've decided that the initial position of the car at ¢ = 0 is £ = 0, so we can solve the third equation

for D = 0. Next, let T be the time when the car stops. At that point, we know that the position of the
car is 200 and the velocity of the car is 0, so we have a system of equations.

0=—16T+C
200 = —8T2 + CT.

Multiplying the first equation by T', we find that
0= —16T7 + CT.
Subtracting the two equations gives us
8T = 200,
T=5.

Thus, the car stops after five seconds. Solving the equation 0 = —167 + C', we find that C' 4 80, and
we see from above that the initial velocity is 2/(0) = C' = 80. Thus, the car’s velocity when the brakes

were first applied was 80 ft/s, or about | 55 mph |.

A high-speed bullet train accelerates and decelerates at the rate of 2 ft/s?. Its maximum cruising speed
is 150 mph.

(a) What is the maximum distance the train can travel if it accelerates from rest until it reaches its
cruising speed and then runs at that speed for 15 minutes?



150 mph
2 ft/s?

acceleration period, its average speed is w = 75mph, so it travels, (75mph)(110s) ~
2.3 miles.

Then, the train travels at 150 mph for 15 min for a distance of (150 mph)(15 min) = 37.5 miles.
Thus, the total distance traveled while accelerating and cruising is 2.3 miles+37.5 miles = | 39.8 miles |.

Solution: It takes the train ~ 110s to accelerate from rest to its top speed. During that

(b) Suppose that the train starts from rest and must come to a complete stop in 15 minutes. What is
the maximum distance it can travel under those circumstances?
Solution: As we saw, the train takes 110s to accelerate, during which time it travels 2.3 miles.
The same happens when it decelerates to a stop. Thus, the time remaining for cruising is now
15min—2(110s) = 680s. During this cruising time, the train travels (150 mph)(680s) = 28.3 miles.
Meanwhile, while accelerating and decelerating, the train travelled 2(2.3 miles) = 4.6 miles, for a

total distance of | 32.9 miles |.

(¢) Find the minimum time that the train takes to travel between two consecutive stations that are 45
miles apart.

Solution: As we saw, it takes the train 2.3 miles to accelerate to full speed, and likewise 2.3 miles to
come to a stop. Thus, the train is cruising for 45 miles — 2(2.3 miles) = 40.4 miles. Crossing those

40.4 miles at full speed takes 4105322? takes about 970s. Counting the 110s it takes to speed up

and the 110s it takes to slow down, the total travel time is 1190, or about .

5.1: Areas.

(1) Goal: Use 4 rectangles to approximate the area under the graph of f(z) =1+ 2% fromz = ~1toz =1
by following the steps below:

(a) Graph f(z) =1+ 22 from 2 = —1 to = = 1.

Solution: See figure.

(b) Split [—1,1] into 4 subintervals of equal length (i.e. length 3). Let x1,z2,23,24 denote the right
endpoints of the four subintervals. Using this information, finish filling out the table below:

1 Subinterval 4 Right-endpoint x; flaxy)
1 [—1,—.5] —.9 1.25
2

3

4

Solution:

1 Subinterval ¢ Right-endpoint x; flaxs)
1 [—1,—.5] —5 1.25
2 [—.5,0] 0 1
3 [0,.5] 5 1.25
4 .5, 1] 1 2

(¢) On your picture from (a), graph the four rectangles whose bases are your 4 subintervals from (b)
and whose heights are the function’s values at the right endpoints.



Solution: See figure.

Compute the areas of the rectangles from (¢) and add them up to approximate the area under the
graph of f(z) =1+ 22 from x = —1 to = 1. Does this overestimate or underestimate the area?

Solution: The total area of the rectangles is

(0.5)(1.25) 4 (0.5)(1) + (0.5)(1.25) 4 (0.5)(2) =[2.75]

Looking at the figure and comparing the rectangles with the area under the curve, it looks like 2.75
should be an overestimate of the area under the curve. Indeed, an antiderivative of f(z) = 1+22 is
F(z) = z + £23. Evaluating the derivative at the endpoints 1 and —1, we find that the exact area
under the curve is

1+ - (-1-3) =2+2%~26T.
In (d), you used rectangles whose heights are the function’s values at the right endpoints. If you
used left endpoints instead of right endpoints, how would your answer change?

Solution: If we had used left endpoints instead of right endpoints, our picture would just be a mirror
image of what we had before, reflected across the y-axis. Thus, we’d get the same estimate of 2.75.

FIGURE 1. Estimating the area under the curve of f(z) = 1+ 2.
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