
Math 132: Discussion Session: Week 11

Directions: In groups of 3-4 students, work the problems on the following page. Below, list the members of
your group and your answers to the speci�ed questions. Turn this paper in at the end of class. You do not
need to turn in the question page or your work.

Additional Instructions: It is okay if you do not completely �nish all of the problems. Also, each group
member should work through each problem, as similar problems may appear on the exam.

Scoring:

Correct answers Grade
0�3 0%
4�5 80%
6�12 100%

Group Members:

11.3/4: The Integral Test and Comparison Tests.

(1)
∞∑
n=1

1

(n2 + 2)
3
5

(2) For which values of p does
∞∑
n=2

n2

(n3 + 1)p
converge?

(3)
∞∑
n=1

ln

(
n2 + 1

2n2 + 1

)
converges/diverges. How do you know?

(4)
∞∑
n=1

sin4(n+ 1)

n2 + 1
converges/diverges. How do you know?

(5)
∞∑
n=1

1

2n2 converges/diverges. How do you know?

(6)
∞∑
n=1

7n−3

6n − n
converges/diverges. How do you know?

(7)
∞∑
n=1

3 + (−1)n

n
3
2

converges/diverges. How do you know?

(8)
∞∑
n=1

1

2lnn
converges/diverges. How do you know?

(9)
∞∑
n=1

1

3lnn
converges/diverges. How do you know?

(10)
∞∑
n=1

nen
2
converges/diverges. How do you know?

(11)
∞∑
n=2

1

nn
converges/diverges. How do you know?

(12)
∞∑
n=1

ne−.04n converges/diverges. How do you know?



Math 132 Discussion Session: Week 11

11.3/11.4: The Integral Test and Comparison Tests. Problems (1) and (2) are self-explanatory. For the
remaining problems, determine whether the series converge or diverge using any of the methods discussed so far
in class. State the method you used, and how you used it. For example

• �
∑∞

n=1
1
n2 converges by the integral test because

∫∞
1

1
x2

dx converges.�

• �
∑∞

n=1
1

n2+2
converges by the comparison test because 1

n2+2
≤ 1

n2 and
∑∞

n=1
1
n2 converges.�

(1) Determine whether the series
∞∑
n=1

1

(n2 + 2)
3
5

converges or diverges. State any tests used and show that

all conditions of the test are satis�ed.

Solution:

We can use the integral test, because the function 1
(x2+2)3/5

is continuous, positive, and decreasing

when x ≥ 1

So, answering the question amounts to �guring out whether or not∫ ∞
1

1

(x2 + 2)3/5
dx

converges. We can do so using the comparison test for improper integrals. The function 1
(x2)3/5

is very

similar to the one we started with, but it's much easier to integrate. Since x2 < x2 + 2, we know that
(x2)3/5 < (x2 + 2)3/5, and so

1

(x2)3/5
>

1

(x2 + 2)3/5
.

Next, we integrate ∫ ∞
1

1

(x2)3/5
dx =

∫ ∞
1

x−6/5 dx

= lim
t→∞

∫ t

1
x−6/5 dx

= lim
t→∞

(−5)x−1/5
∣∣∣t
1

= lim
t→∞

(−5)
(
t−1/5 − 1

)
= (−5)(0− 1) = 5.

Thus,
∫∞
1

1
(x2)3/5

dx converges. Since 1
(x2+2)3/5

is a smaller function, we know that
∫∞
1

1
(x2+2)3/5

dx also

converges. By the integral test, we know that the corresponding series,
∑∞

n=1
1

(n2+2)3/5
converges also.

(2) For which values of p does
∞∑
n=2

n2

(n3 + 1)p
converge?

Solution: The �rst step is not be scared of variables. If it soothes you, pretend p = 17, solve the problem,
and then stop pretending.

We'd like to apply the integral test, so we need to compute∫ ∞
2

x2

(x3 + 1)p
dx.

We can do this integral with the substitution u = x3 + 1, du = 3x2 dx. Peforming the substitution, we
obtain ∫

x2

(x3 + 1)p
dx = 1

3

∫
1

up
du.



To understand the bounds of integration, we see that when x = 2, u = 9, and when x becomes very
large, u also becomes very large. Thus∫ ∞

2

x2

(x3 + 1)p
dx = 1

3

∫ ∞
9

1

up
du.

From the textbook section 7.8 on improper integrals, we know that the integral
∫∞
9

1
up converges when

p > 1 and diverges if p ≤ 1. Thus,
∫∞
2

x2

(x3+1)p
converges when p > 1 and diverges if p ≤ 1. So the sum∑∞

n=2
n2

(n3+1)p
converges when p > 1 and diverges when p ≤ 1.

(3)
∞∑
n=1

ln

(
n2 + 1

2n2 + 1

)
Solution: The sequence n2+1

2n2+1
approaches 1

2 as n → ∞. Thus, the sequence ln n2+1
2n2+1

approaches ln 1
2 =

− ln 2 as n→∞. Since this limit is not zero, we are adding a lot of medium-sized numbers, so the series
diverges to negative in�nity.

(4)
∞∑
n=1

sin4(n+ 1)

n2 + 1

Solution: We know that −1 ≤ sinx ≤ 1 for all x, so 0 ≤ sin4 x ≤ 1 for all x. Thus, the terms of our
series are positive, so we can use the comparison test. We have that

sin4(n+ 1)

n2 + 1
≤ 1

n2 + 1
.

Thus, if
∑∞

n=1
1

n2+1
converges, we could conclude that

∑∞
n=1

sin4(n+1)
n2+1

converges. If
∑∞

n=1
1

n2+1
diverges,

we wouldn't get any information and would have to try another strategy.

We can see that
∑∞

n=1
1

n2+1
converges using the integral test and computing that

∫∞
1

1
x2+1

dx =
π
2 −

π
4 = π

4 < ∞. Alternatively, we can use the limit comparison test to compare
∑∞

n=1
1

n2+1
to∑∞

n=1
1
n2 , since the limit of

1
n2+1

1
n2

= n2

n2+1
is 1. Since

∑∞
n=1

1
n2 converges, we know that

∑∞
n=1

1
n2+1

converges also, and we can therefore conclude that
∑∞

n=1
sin4(n+1)
n2+1

converges also.

(5)
∞∑
n=1

1

2n2

Solution: Since n2 ≥ n, we know that 2n
2 ≥ 2n, and so

1

2n2 ≤
1

2n
.

We know that
∑∞

n=1
1
2n converges because it is a geometric series and

∣∣1
2

∣∣ < 1. Thus, by the comparison

test,
∑∞

n=1
1

2n2 converges also.

(6)
∞∑
n=1

7n−3

6n − n

Solution: The dominant term in the denominator is 6n, so this series should behave similarly to

∞∑
n=1

7n−3

6n
=

1

73

∞∑
n=1

(
7

6

)n
.

This series is a divergent geometric series because
∣∣7
6

∣∣ > 1. But to conclude that
∑∞

n=1
7n−3

6n−n diverges, we

need to make sure that 7n−3

6n−n is bigger than 7n−3

6n . If it were smaller, the comparison test would give us

no info. Fortunately, in this case, it is clear that 6n− n ≤ 6n. Thus, 7n−3

6n−n has the smaller denominator,

so it is bigger than 7n−3

6n .



The series
∑∞

n=1
7n−3

6n−n is bigger than the divergent series
∑∞

n=1
7n−3

6n , so it diverges.

(7)
∞∑
n=1

3 + (−1)n

n
3
2

Solution: The key fact here is that −1 ≤ (−1)n ≤ 1. Thus,

2

n3/2
≤ 3 + (−1)n

n3/2
≤ 4

n3/2
.

We'll only need one of these inequalities, but we don't know which one, since we don't know yet if we're
trying to show that the series converges or that the series diverges. To make progress, we either need to
show that the lower bound

∑∞
n=1

2
n3/2 diverges or that the upper bound

∑∞
n=1

4
n3/2 converges.

We can see that
∑∞

n=1
4

n3/2 converges by the integral test, since
∫∞
1

4
x3/2

dx converges because limx→∞− 8
x1/2

=

0. Thus,
∑∞

n=1
3+(−1)n
n3/2 converges also.

(8)
∞∑
n=1

1

2lnn

Solution: Here, we need to use logarithm rules to simplify 2lnn. We know that lnn = log2 n
log2 e

. Thus,

2lnn =
(
2log2 n

)1/ log2 e
= n1/ log2 e.

Thus, whether
∞∑
n=1

1

2lnn
=

∞∑
n=1

1

n1/ log2 e

converges depends on whether 1/ log2 e is larger or smaller than 1. We can see that by comparing to∫∞
1

1
x1/ log2 e dx or directly using the p-series test. In this case, since e > 2, we know that log2 e > log2 2 =

1, and so 1/ log2 e < 1, so the series diverges.

In more detail, we have 1
x1/ log2 e = x−1/ log2 e, so its antiderivative is x1−1/ log2 e times a constant. Thus,

to see if
∫∞
1

1
x1/ log2 e dx converges amounts to seeing if limt→∞ t1−1/ log2 e exists. Since 1 − 1/ log2 e is

positive, the expression t1−1/ log2 e becomes larger and larger, so this limit does not exist, and so the
integral diverges.

Alternatively, we can use the comparison test. Since 2 < e, we know that 2lnn < elnn = n, and so

1

2lnn
>

1

n
.

Since the harmonic series
∑∞

n=1
1
n diverges and 1

2lnn is larger than 1
n , we know that

∑∞
n=1

1
2lnn diverges

as well.

(9)
∞∑
n=1

1

3lnn

Solution: Using the same method as the previous problem, we �nd that

∞∑
n=1

1

3lnn
=
∞∑
n=1

1

n1/ log3 e
.

As before, whether or not this series converges hinges on whether 1/ log3 e is larger or smaller than 1.
Since e < 3, log3 e < log3 3 = 1, so 1/ log3 e > 1. Then, just like in the solution to the previous problem,
using either the integral test or the p-series test directly, we see that

∑∞
n=1

1
n1/ log3 e converges.

(10)
∞∑
n=1

nen
2



Solution: The terms of the series, nen
2
, become bigger and bigger, so the series diverges.

(11)
∞∑
n=2

1

nn

Solution: The function nn grows very fast, so 1
nn goes to zero very fast, probably fast enough to converge.

To check, we use the comparison test. We see that nn ≥ 2n, so

1

nn
≤ 1

2n
.

Since
∑∞

n=2
1
2n is a geometric series, it converges, and so the smaller series

∑∞
n=2

1
nn converges also.

Alternatively, since nn ≥ n2, we have

1

nn
≤ 1

n2
.

Since
∑∞

n=2
1
n2 converges, so does

∑∞
n=2

1
nn .

The sequence 1
nn becomes tiny so quickly, there's a lot of things it can be compared to.

(12)
∞∑
n=1

ne−.04n

Solution: This one is a great candidate for the integral test. Technically, the function f(x) = xe−.04x is
not decreasing initially, but it is decreasing eventually, which is all we need. To integrate this function,
we need to use integration by parts, with f(x) = x and g′(x) = e−0.04x.∫

xe−0.04x dx = −25xe−0.04x +
∫

25e−0.04x dx

= −25xe−0.04x − 252e−0.04x.

We don't care about the value of
∫∞
1 xe−0.04x dx, only about whether it converges or not. To �gure that

out, we need to know whether

lim
t→∞

(
−25te−0.04t − 252e−0.04t

)
exists. Clearly, e−0.04t → 0 as t→∞. The te−0.04t term is more complicated, but we can understand it
using L'Hôpital's rule. We have that

lim
t→∞

te−0.04t = lim
t→∞

t

e0.04t
= lim

t→∞

1

0.04e0.04t
= 0.

So now we know that the limit of both terms exists, so the limit of −25te−0.04t − 252e−0.04t exists, so∫∞
1 xe−.04x converges, and so

∑∞
n=1 ne

−.04n converges.

To be more thorough, we should check that f(x) = xe−0.04x is eventually decreasing. From what
we've done above, we know that it's positive and its limit is zero, so it ought to be decreasing, but we
can know for sure by computing the derivative.

f ′(x) = e−0.04x − 0.04xe−0.04x = (1− 0.04x) e−0.04x.

The e−0.04x factor is positive, so we can ignore it for the purposes of determining whether f ′(x) is positive
or negative. From the 1− 0.04x term, we see that f ′(x) is initially positive, but becomes negative once
x > 25. To determine convergence, all we need to know is the eventual behavior, so that's good enough.
More precisely, technically speaking, the integral test only tells us that

∑∞
n=25 ne

−.04n converges. But
the �nite number of terms from n = 1 to n = 24 can't a�ect whether the sum is �nite or in�nite,
so knowing what happens starting from n = 25 is enough information to conclude that

∑∞
n=1 ne

−.04n

converges as well.


