Math 132: Discussion Session: Week 5

Directions: In groups of 3-4 students, work the problems on the following page. Below, list the members of
your group and your answers to the specified questions. Turn this paper in at the end of class. You do not
need to turn in the question page or your work.

Additional Instructions: It is okay if you do not completely finish all of the problems. Also, each group
member should work through each problem, as similar problems may appear on the exam.

Scoring:
Correct answers Grade
04 0%
5-7 80%
812 100%

Group Members:

6.2: Volumes.
(1) The volume is:
(2) The volume is:
(3) The volume is:
(4) The volume is:
(5) (a) The volume is:
(b) The volume is:
(¢) The volume is:
(d) The volume is:
6.3: The cylindrical shell method.
(1) The volume is:
(2) The volume is:
(3) The volume is:

(4) The volume is:
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2: Volumes.

Find the volume of the solid whose base is the circle 22 4 32 = 4 and whose cross sections perpendicular
to the x-axis are triangles whose height and base are equal.

Solution: We slice the solid perpendicular to the x-axis. Viewing the solid from the top, we see that the
base of the slice is 2/4 — 22. The problem tells us that the height of the slice is also 2v/4 — 22. The

slice is a triangle, so its area is

Alz) =1.2v/4 —22.2\/4 — 22 = 2(4 — 2?).

The slices start at + = —2 and end at z = 2, so the volume is
2 2
/ A(z)dx :/ 2(4 — z%) da
-2 )
2
=2 (4IE - gac ) s
=24.0 —(-2) -2 4 (2 - (-2
64

Let B be the solid whose base is the circle 2 + y?> = 4 and whose vertical cross sections perpendicular
to the z-axis are equilateral triangles. Find the volume of B.

Solution: This problem is identical to the previous one, except that the height of the triangle is different.

An equilateral triangle with base 2v/4 — 22 has height 2v/4 — 22 - § =4 —22./3. Thus,
:%-2\/4—:702- (\/4—x2-\/§) :\/5(4—m2).

To find the volume, we compute the integral ffz A(z) dz. We can compute the integral directly, or we
can speed things up by comparing it to the integral we have already computed.

/_ZA(:L‘)dx:/2\/§-(4:E2) da
_f/ 1-a?

:\5/22(4—:1:2)(&

V3 64 |32V3

2 3 3

The area of an ellipse is mab, where a and b are the lengths of the semimajor and semiminor axes.
Compute the volume of the cone of height 10 whose base is an ellipse with semimajor axis ¢ = 6 and
semiminor axis b = 4.

Solution: Here, it makes sense to take horizontal slices. Each horizontal slice is an ellipse that is similar
to the ellipse at the base. If we set the base of the cone at y = 0, the top of the cone is at y = 10.

Consider the triangle formed by the vertex of the cone and the semimajor axis of the horizontal slice
at height y. This triangle has height 10 — y. It is similar to the triangle formed by the vertex of the
cone and semimajor axis of the base of the cone, which has height 10. Thus, the lengths of the first
triangle are 1 y times smaller than the correspondlng lengths of the second triangle. In particular, the
semimajor axis of the slice at height y is 10 Y times smaller than the semimajor axis of the base of the
cone. The semlmaJor axis of the base of the cone has length 6, so the semimajor axis of the slice has
length 1 -6 = 2(10 — y). Simiarly, the semiminor axis of the slice has length 10 E5Y 4= 2(10 — y).
Accordlng to the formula of the area of an ellipse, the area of the slice is

Aly) =m-2(10 —y) - 2(10 —y) = 5 - (10 — y)*.



The slices start at y = 0 and go up to y = 10, so we need to compute fom A(y) dy. We can compute this
integral by expanding (10 — y)2, but the quickest way is with the substitution v = y — 10. We compute

10 10
A(y)dyz/o 5. (10 — y)*dy

10
= i (y — 10)*dy

10
= i (y — 10)*d(y — 10)

0

=% (Ly—10°)],,

=21 ((10 — 10)* — (0 — 10)*) = 2—757 -1000 = [807].

(4) Find the volume of the solid whose base is the region enclosed by y = 22, y = 4 and whose cross sections
perpendicular to the y-axis are rectangles of height 3.

Solution: We slice perpendicular to the y-axis. The problem tells us that our slices are rectangles. From
the top view, we see that the base of the slice at height y contains all of the z-values so that (x,y) is
in the region. At height y, the largest z-value in the region is on the parabola y = 22, so z = VY- The
smallest 2-value is also on the parabola y = 22, so x = —+/y- Thus, the base of the slice at y is 2,/y.

Meanwhile, the problem tells us that the height of the slice is . Thus, the area of the rectangular
slice is

Aly) =2vy-y* =2y

From the top view, we see that we have slices ranging from y = 0 to y = 4. Thus, the volume of the

solid is
4 4
/A(y)dyZ/ 2y"/? dy
0 0

- (-4,
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(5) Find the volume of the solid obtained by rotating the region enclosed by the given curves about the
given axis.
(a) y=a2 y=6—x, about y = —2
Solution: We slice vertically, that is, perpendicular to the z-axis. The slices are annuli. Based

on the figure, the inner radius of the slice at z is #2 + 2, and the outer radius of the annulus is
6 —x + 2 =8 — x. Thus, the area of a slice is

A@) =m(8—2)® - (22 +2)°.

Based on the figure, the range of z-values for the slices starts and ends when the curves y = 22 and
6 — x intersect. This occurs when 22 = 6 — z, or 0 = 22 + 7 — 6 = (v + 3)(z — 2), that is, when
x = —3 or x = 2. Thus, the volume is f_23 A(zx) dx. Substitution is a reasonable strategy for this



(b)

integral, but expanding it out might be quickest

/2 A(x)dx—ﬂ/z ((8—x)2—(:1c2+2)2) dx

-3 -3

2
:7r/ (64 — 162 + 2° — 2" — 42® — 4)

:w/ (60 — 162 — 32 — a*)
-3

:77(60:1:—830 —933—7 ’3
= (6 (24+3)—8(4—-9) — (8—1—27)—%(324—243))
= 7 (300 + 40 — 35 — 55)

= (2507}

y:%,y:m—x?,xzo, about y = 14
Solution: We slice vertically, that is, perpendicular to the z-axis. From the ﬁgure we can see that

the slices are annuli, with inner radius 14 — (10 — 2?) and outer radius 14 — %. Thus, the area of
a slice is

9 2
A)=m (14— = | —n(d+2%)°
@) =n(14-5) ~nl+a?
= (14° - 14-1827° + 9°2~* — 16 — 82° — 2)
= (180 — 252272 + 81z~ 4 — 8% — o).

The two curves intersect when m% = 10 — 22. Multiplying through by z?, we find that 0 =
r* —1022 49 = (22 — 1)(2%2 — 9). Thus, the intersection points occur at z = 1 and 2 = £3. Since
we are looking at the region when x > 0, we see that we have a vertical slice at « for 1 < z < 3.
Thus, the volume of the solid of revolution is

3 3
A(x) dr = 7[‘/ (180 — 252272 + 81z~ 4 — 822 — 2)
1

— 7 (1802 + 2522~ — 27273 — 827 — 15)|]

3
=m(540+84—1-72—28) — 7 (180+252 - 27— § — 1)
= (551 — %2) —m (405 — § — 3)
1504
= (6= 2+ 5) = n (B 4+ 5) = o

y=20—2x, y =2+ 4z, x = 0, about y-axis

Solution: We slice horizontally, that is, perpendicular to the y-axis. From the figure, we see that the
slices must be disks. The line y = 2+ 4x intersects the line x = 0 at y = 2, and the line y = 20 — 2z
intersects the line x = 0 at y = 20, so our slices range from y = 2 to y = 20. Moreover, the lines
y = 20 — 2z and y = 2 + 4x intersect at (3,14).

From the figure, we see that, between y = 2 and y = 14, the edge of the disk lies on the line
y = 24 4x. At a particular height y, the radius of the disk is z = %(y — 2). Meanwhile, between
y = 14 and y = 20, the edge of the disk lies on the line y = 20 — 2x. At a particular height y, the
radius of the disk is z = (20 — y).

Thus, for 2 < y < 14, the area of the slice A(y) is 7 - %(y — 2)2. Meanwhile, for 14 < y < 20, the
area of the slice A(y) is m- (20 — y)?. Using substitution, we can compute that the volume of the
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FIGURE 1. Volumes of solids.



solid of revolution is

20 14 20
A(y) dy=/2 A(y) dy + Aly) dy

2 14
14 20
217%/ (y—2)2dy+2/ (20 — y)* dy
2 14
14 20
- 6/ (v — 2 d(y 2>+z/14 (y — 20)% d(y — 20)
14 20

Il
3

s T T

=7-3-12+7-3-6 =|54r .

(d) y=16—-2%,2=2,2=3,y=0about 2 =6
Solution: We use horizontal slices, that is, perpendicular to the y-axis. The slices are annuli. From
the figure, we see that the slices ranges from y = 0 to y = 12. We see that, from y =0 to y = 7,
the inner radius is 3 and the outer radius is 4. From y = 7 to y = 12, the outer radius is still 4. To
find the inner radius, we must find the distance between the line = 6 and the curve y = 16 — 22
at height y. The z-value on the curve y = 16 — 22 is x = \/16 — y, so the distance between the line
and the curve is 6 — /16 — y, so that’s the inner radius. Thus, the area of a slice is
Aly) = w42 — 7. 32 fo<y<7,
V7 2o (6-yi6—y)® ifT<y<12

Thus, the volume of the solid is

12 7 12 9
/ A(y)dyzw/ (42—32)dy+7r/ (42 — (6—«/16—3/) dy
0 0 7
7 12
:77/ 7dy~l—7r/ (16—364—12\/16— —(16—y)> dy
0 7
12 12
:497r—|—7r/ (y —36)dy + 127 \/16 — ydy
7 7
12
=497 + 7 (3% —36y)|s" + 120 | /16—y (~1)d(16 —y)
7
. 12
= 497+ 3 (12 = 7%) = 36m(12 = 7) + 127 ((=3) (16 —)*/2) |
= 497 + T(12 — 7)(12+ 7) — 1807 — 8 (43/2 - 93/2>
=497+ % -5-19 — 1807 — 8m(2° — 3°)

=497 + L — 1807 + 87 - 19

1
:2171'4-%77: %7‘(’.

6.3: The cylindrical shell method. Using the cylindrical shell method, find the volume of the solid obtained
by rotating the region enclosed by the given curves about the given axis.
(1) y =20 — 2z, y = 2 + 4z, z = 0, about y-axis
Solution: We use vertical cylinders. Since we are rotating about the y-axis, the radius of a cylindrical
shell at x is just . The height of the cylindrical shell is (20 — 22) — (2 4+ 42) = 18 — 62. Thus, the area



of each cylinder is A(z) = 2mx(18 — 6x). The two lines intersect at x = 3, so our cylindrical shells range
from z = 0 to x = 3. Thus, the volume of the solid is

3 3
/ A(x) dz :/ 272 (18 — 6x) dx
0 0
3
= 27r/ (18 — 622) dx
0

=27 (9952 — 2x3) ‘g dx

=21 (9-3°—2-3%) = 2n(81 — 54) = | 54x |

Note that this answer matches our answer above, where we solved the same problem using flat slices
instead of cylindrical slices.

(2) 2'4216—952,$=2,$=3,y:03boutx:6

Solution: We again use vertical cyclinders centered on the line x = 6. Our cylinders range from the
cylinder containing the line x = 2 to the cylinder containing the line x = 3. The radius of the cylinder
at x is 6 — z, and its height is just 16 — 2. Thus, its area is A(z) = 27(6 — 2)(16 — 22), so the volume
of the solid of revolution is

3 3
/A(z)da::%r/ (6 —x)(16 — 2?) dz
2 2
3
:27r/ (96 — 162 — 622 + %) da
2

= 27 (962 — 82° — 22° + 1at)|]
=27 (96(3 — 2) — 8(3% — 2%) — 2(3° — 2%) + £(3" — 2%))
=27 (96 —8-5—2-19+ %)
=2 (96 — 40 — 38 + &)

(

1
=2 (184 &) = gn.

Note that this answer matches our answer above, where we solved the same problem using flat slices
instead of cylindrical slices.

(3) y=22,y=8—122 x =0, for z > 0, about the y-axis

Solution: We use vertical cylinders centered on the y-axis. The radius of the cylinder at x is just x, and
its height is (8 — 2%) — 22 = 8 — 222. Thus, the area of each cylindrical slice is

A(z) = 212 (8 — 22%).

The two curves intersect when 22 = 8 — 22, so 22 = 4. Since z > 0, our solution is z = 2. Therefore
) ) )

our cylinders range from x = 0 to x = 2, so the volume of the solid is

/OQA(;U) do = 277/0230(8 _ 22%)da

2

= 277/ (8 — 223) dx
0

=27 (4x —*x )‘

—7r(83:2—x )‘0

=7(8-22 —21) =|167 |

0

4) y = (;UQ + 1)—27 y=2-— (:n2 + 1)_2, x = 2, about the y-axis



Solution: We use vertical cylinders centered on the y-axis, ranging from z = 0 to x = 2. The radius of
each cylinder is z, and its height is 2 — (22 +1)72 — (22 +1)72 = 2 — 2(2% + 1)~2. Thus, the volume of
the solid is

2 2
/ A(z)dx = / 21z (2 —2(2* +1)7?) dz
0 0
2 2
= 27r/ 2z dr — 271/ (2% 4+ 1) 22z da
0 0
2
=27 (2?) }§ — 271'/ (2 4+ 1)"2d(2* + 1)
0

= 81 + 2m(x? + 1)_1’§

82
2]

:87'('—1—27'((%—1):

Note: some recitations used (22 + 1)~! instead of (z% + 1)~2. In that case, the solution is the same,
but now the height of the cylinder is 2 — (22 + 1)~ — (22 + 1)7! =2 — 2(22 + 1)~. Thus, the volume
of the solid is

2 2
/ A(z)dx = / 21z (2 —2(2* +1)71) da
0 0
2 2
= 27r/ 2z dr — 27‘(’/ (2 4+ 1) "2z da
0 0
2
=27 (2%) }3 — 277/ (2 4+ 1) td(2® + 1)
0

=81 — 2rln(a? + 1)‘3

=81 —2m(In5—1Inl) = |87 — 27 In5 |



FIGURE 2. Volumes of solids.
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FIGURE 3.

Volumes of solids.
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