Math 132: Discussion Session: Week 7

Directions: In groups of 3-4 students, work the problems on the following page. Below, list the members of
your group and your answers to the specified questions. Turn this paper in at the end of class. You do not
need to turn in the question page or your work.

Additional Instructions: It is okay if you do not completely finish all of the problems. Also, each group
member should work through each problem, as similar problems may appear on the exam.

Scoring:
Correct answers Grade
0-1 0%
2-3 80%
4-6 100%

Group Members:

7.2: Trigonometric Integrals.

(1) /tan6 zsectzdr =
w/2
(2) / cos®(z) dx =
0
w/6
(3) / sin(3z) cos(5x) dx =
0
(4) /COSQ(SiD t) costdt =
(5) / cot® zescd x dx =

(6) /sec3(x) dx =
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7.2: Trigonometric Integrals. Compute the following integrals
(1) /tan6 zsect z dx.

Solution: In this one, we might try either the substitution v = tanx or v = secx. With u = tanx, we
have du = sec® x dz. We can write our integral as

/ tan® z sec! z do = / tan® z sec? z(sec? x dx)

2

Is it possible to write tan® z sec? x in terms of u = tanx? Yes, we know that sec’? z = tan?z+1 = u? +1.

Thus,
/ tan® z sec* z dz = / tan® z sec? z(sec? z dx)
= /uﬁ(u2 +1)du
= /(u8 + u6) du

=+ +C

= %tan9x+%tan7aﬁ+C.

w/2
(2) /0 cos®(z) d.

Solution: We can split off a cosz dz = d(sinx), suggesting substituting v = sinz. The remaining part

is cos? z, which we can rewrite in terms of sinz by using
costaz = (0052 :1;)2 = (1 — sin? x)2 .
We have
/cos5:vdx = /cos4:1: -cosx dx

= / (1 — sin? x)2 d(sinx)

= / (1 — u2)2 du

:/(1—2u2+u4) du

=u— %u3+%u5+0-
We’re doing a definite integral, so we can stop here and substitute in the bounds. When z = 0,

u=sinz =0. When z = 7/2, u =sinz = 1. Thus,

K 2 1 1,1 8
/ cos"zdr=(1-5+3)=5++=|—|
0

/6
(3) / sin(3x) cos(5z) dz.
S(())lution: For this one, we should use the formula
sin A cos B = 3(sin(A + B) + sin(4 — B)).
In this case, this formula tells us that

sin 3z cos 5 = £ (sin 8z + sin(—2z)) = 3 (sin 8z — sin 2z).



Thus,
/ sin 3z cos b dr = /(sin 8x — sin 2x) dx

(—%cos&v%— %COSQZC) +C

L i 1

1 _ 1
= 4 C0S2T — {¢ cos8x + C.

We’re not done yet, because we haven’t answered the original question. We compute that

1

/6
/ Sin3l‘COS5l‘:(%COS%—%COS%T)—(ZCOSO—TIGCOSO)
0

1 1 1 1 1 1
=731 (-3)—1t1
T, 1 1, 1
=8 T 1T
1
1 _
43ﬂ4+1—8+m4,—§

(4) / cos?(sint) cost dt.

Solution: This problem is unusual because there is a trigonometric function that is plugged into another
trigonometric function, but that actually makes it easier to solve, because there is only one reasonable
first step: substituting u = sint, du = cost dt. We find that

/COS2(Sth) costdt = /COSQUdu.

The integral [ sin? x dx appears in the book, and this one is pretty much the same. We use the formula

cos?u = (1 + cos2u) and compute that

/COSQ’U,du— %/(1+cosQu)du- tu+ Lsin2u+C.

Of course, we're not done, because we haven’t answered the question. To finish the problem, we substitute
back in using u = sint.

/COSQ(SiD t)costdt =|%sint + sin(2sint) + C.

(5) /COtSJTCSCSIde.

Solution: There are two reasonable choices for substitution, either u = cotz, du = —csc?x dx or u =
cscx, du = —cotxcscxdr. The first way, u = cotx, leaves us with cot3 z cscx, which is difficult to
write in terms of cot . The second way, u = csc x, leaves us with cot? x csc? 2, which is more promising
thanks to the identity 1 + cot? z = csc? 2. Using u = cscz, du = — cot z csc z, we compute

/cot3 xcscd xdr = —/co‘c2 zcsc x - (— cot x esc x dx)
=— /(c502 x—1)csc® x - d(cscx)

= —/(u2 — D du

= /(u2 —ut)du

_1,3_1,5
= 3u sU +C
= %csch—%csc‘r’vaC.

(6) / sec®(z) da.



Solution: This problem is one of the examples in the book and is tricky. If we do u = tanz, then
du = sec? x dx, leaving us with one secz left. But there’s not a good way to write secz in terms of u;
we'd get secx = vu? + 1, which is not easy to work with. If we do u = sec x, we get du = tan z sec x dx,

which is also not that helpful.

We could try integration by parts, splitting it up sec3z = secx - sec?z. The integral of secx is

complicated, but the integral of sec? z is just tanz, so we set up the integration by parts as

f(z) =secwz, d(z) = sec? z,
f'(z) = tanx sec z, g(x) = tanz.
Thus,
/sec3a:dx—/fg/dx
=fg— /f’g dx

:secxtanx—/tanzxsecxdx
:secxtanx—/(seCQx—1)secxd:c

:secxtanx—/sec3;vdx—|—/sec:cdm.

We’re now in a nicer situation because we can solve the equation we found for [ sec® z dz to find that

. 1
/sec‘sxdx = 3 (secxtana:+/secxdx> .

We're still not done, but the problem we need to solve now, [ secz dz, is easier than the original problem,
Il sec? x dx, so we've made progress.

However, [ secz dz is still quite tricky. If you can solve it on your own and could go back in time to the
mid-1600s, you’d be a cutting-edge mathematician. But you can still be a cutting-edge mathematician
regardless; catching up on 350 years of work is easier than it seems, and you’ll be solving deceptively
hard fruit memes in no time.

95% of people cannot solve this!

9 - b + ®
&% 9% Wk
Can you find positive whole values

for °=8?): and%)?

=4

In any case, back to the problem at hand, you can look up that [ secz dz = In|secz + tanz|. You could
also compute it with the substitution u = sec x + tan x, which gives

du = (tanz sec x + sec? ) dx = (secx + tan z) sec x dz.

We multiply and divide by secz + tanz in order to get a (sec x + tan x) sec z dz factor, and we find that

1
/sec:pdaz:/(secx+tanx)sec:pdx
secx + tanx

1
—/du

u
=In|ul+C
=In|secz + tanz| + C.



In any case, we get a final answer of

/sec?’xdx = 1 (secztanz + Insecx + tanz|) + C.

Another avenue of attack for this problem is to write

1 1
/Sec?’xdm:/ dx:/ cosxdzr.
cosd z costz

The reason to do this is that now we have a cosxz dz, which let us do the substitution u = sinx,
du = cos z dz. Also, fortunately for us, we can rewrite cos? z in terms of sine using

costz = (cos2 m)2 = (1 — sin? w)z

1 1
/sec3a:dx:/ 1 cosxdx:/2du
cos* (1—u2)

Once again, we have converted an hard integral involving trigonometric functions into an integral that’s
quite a bit simpler. Unfortunately, the techniques needed to do this integral are in section 7.4, which
we haven’t covered yet. The ideas in that section give us the power to discover that

Thus,

1 1 1 n 1 n 1 N 1
(1-u2)? 4\1-u (1-uw? 14+u (1+u?)’
We can do each of these integrals by substitution either v =1 —u or v = 1 + u. Careful with the signs!
We integrate, simplify, and substitute to obtain

1 1 1 1
— du=(-I[l—ul+—— Il - ——
/(1—u2)2 u 4( n| u|+1_u+ n|l+ ul 1+u>+C

1 2u 14w
— - 1 C
4<l—u2+n 1—u)Jr

=|lgecxtanz + }Lln)

_ 1 2sinx 1+sinz
4 \1-—sin’z 1 —sinz
1 /2sinx 1+sinz

= — In 8
4 \ cos?z 1—sinz
1+sinz

|2

1—sinz

This looks almost the same as our previous answer, but not quite. Before, we had a %ln |sec x + tan x|

1+4sinx

e | term. But, in fact, these expressions are equal. We can see that by

term. Now, we have a %ln’

taking the first expression and rewriting it, making it look more and more like the second expression
with each step.

1+sinz

$In|secz + tanz| = 1 In
cos

ol 1+sinx

|
PN

COS T

(1 + sinz)?
cos? x
(1+ sinz)?
1 —sin’x
(1 +sinx)?
(1 —sinx)(1 +sinx)
1+sinz

_1
—4111

1
—Zln

1
—4111

:%ln :
1 —sinz




