6 I. LINEAR SYSTEMS
I.B. Gauss-Jordan elimination

Using pictures isn’t practical beyond 2 or 3 unknowns, so we now
briefly review the familiar algebraic method, with a view to formal-
izing it in the sections that follow. Gauss didn’t actually invent it —
the ancient Chinese did, and it was rediscovered in the West by New-
ton (or earlier). However, using elimination to solve vast systems of
linear equations became part of scientific industry, due to Gauss’s
invention of the method of least squares to cope with observational
errors in astronomy (for navigation and timekeeping) and cartogra-
phy. Perhaps the leading mid-19th-century expositor of these meth-
ods was William Chauvenet, an early chancellor and math professor
here at Washington University!

Suppose we want to find the solution set (possibly empty!) of the
linear system

(p1) Xy + x + x3 = 9
(02) 2x1 + 4x; — 3x3
(p3) 3x7 + 6xp — 5x3 = 0.
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Begin by eliminating x; in the last two equations, by replacing p,
P2 — 2P1 and 03 — p3 — 3p1, to obtain

(p1) X1 + x + x3 = 9
(p2) 2x3 — 5x3 = -—17
(pg) 3x2 — SX3 = -27.

Now eliminate x, in the last equation via p3 — p3 — 3p2:

(p1) X1 + x» + x3 = 9
(02) 2%y — 5x3 = —17
(03) - %xs = —%

One can eliminate some notation by working with the “augmented
matrix” shorthand

11 119 11 1| 9 11 1] 9
24 -3/1| =02 -5|{-17|—=1]0 2 —5|-17
36 5|0 0 3 —8|—-27 00 —3|-3
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In any case, we see that x3 = 3, and then back-substituting in (p7)
gives 2xp — 15 = —17 = xp = —1; whereupon substitution in (p1)
yields xy —1+3 =9 = x; = 7. You can check that these solve
the original system.

Why does this work? Applying the

Elementary Row Operations (ERO):

(a) Replace anequation/row by “itself plus multiples of other equa-
tions/rows”

(b) Swap two equations/rows

(c) Scale an equation/row (multiply by a nonzero constant)

produces a new “row-equivalent” system of equations whose solu-
tion set certainly includes all the old solutions. In fact, since (a-c) are
reversible, the new solution set is the same:

Row-equivalent systems have the same solutions.

Here’s an example that uses all three operations:

x3 — x4 = —1
2x1 4+ 4xp + 2x3 4+ 4x4 = 2
2x1 + 4xo + 3x3 4+ 3x4 = 3
3x1 + 6xp + 6x3 + 3x4 = 6

First we convert to augmented matrix notation, then apply ERO:

001 —1{-11] 2 42 4|2
2 42 4|2 (b) 001 —-1|-1
—

243 3|3 pe—n | 2 43 3|3

| 3 6 6 3| 6 | 36 6 3|6
(1 21 2 1 ] 121 2 1
(c) 001 —-1|-1 (a) 001 —-1|-1

— —

1301 243 3 3 03 = 03 =20 001 —-1]1
| 36 6 3 | 6 | Ppea—3m 003 -3|3
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121 2|1
(a) 001 —1|-1
-
pssps—pp |00 0 0] 2
perpa=32 | 000 016
STOP. The third line corresponds to the equation 0 = 2, and so the

system is inconsistent (no solutions).

Exercises
(1) Prove that if two homogeneous linear systems in two unknowns
have the same solutions, then they are row-equivalent.
(2) Does the result of the last exercise hold for inhomogeneous linear
systems in two unknowns?
(3) Use the augmented matrix shorthand to solve the system
2x1 +3xp —3x3 =7
X1 +4x, —3x3=1
2x1+ xp —2x3 =23.
(4) Use the shorthand to determine the value(s) of ¢ that make the
system
X1 — Xp—2x3—3x4 =—8
2x1 — Xp+6x3+7x4 =5
—2x1+ xp —4x3 —5x4 = —1

3x1 —2x2 +9x3+9x4 = c.

consistent.



