
34 II. VECTOR SPACES

II.C. A “nice” basis for subspaces of Rn

In §II.B we explained why any finitely generated vector space V
has a basis, and also showed (Example II.B.3) how to find bases for
subspaces of Rn arising as solutions of A!x = 0. How about an arbi-
trary subspace W ⊆ V? Say V is (finitely) generated by {!v1, . . . ,!vm},
and we pick some W not containing any of the!vi — how do we even
know it is finitely generated?

Let’s assume W ∕= {0}, so that there is a nonzero !w1 ∈ W. If it
spans W, we’re done; otherwise, there exists a

!w2 ∈ W \ span{!w1}.

Are !w1 and !w2 independent? Our intuition says yes. Suppose a1!w1 +

a2!w2 =!0; then if a2 ∕= 0, we get

!w2 = − a1

a2
!w1 ∈ span{!w1},

which is absurd (we chose !w2 in the complement of that span). So
a2 = 0 and a1!w1 = 0 =⇒ a1 = 0 (since !w1 ∕= !0), and the vectors
are independent. If they still don’t span W, pick

!w3 ∈ W \ span{!w1, !w2},

and suppose a1!w1 + a2!w2 + a3!w3 = 0; if a3 ∕= 0 then

!w3 = − a1

a3
!w1 −

a2

a3
!w2 ∈ span{!w1, !w2},

contradicting our choice of !w3. So a3 = 0, and a1!w1 + a2!w2 = 0 which
=⇒ a1 = a2 = 0 (by independence of !w1, !w2), and !w1, !w2, !w3 are
independent. This process must terminate eventually since more
than m vectors in V (and thus W) cannot be linearly independent
by Lemma II.B.8. But since the process only stops when the vectors
span W, at the end we have (for some r ≤ m) r independent vectors
!w1, . . . , !wr spanning (and thus generating) W.
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Here are the basic facts about dimension for subspaces W ⊆ V:

• dim(W) ≤ dim(V);
• if W ∕= V then dim(W) < dim(V); and
• dim(W1) + dim(W2) = dim(W1 ∩ W2) + dim(W1 + W2).

They are checked in Exercises (2)-(3). Now, you should complain
that I’ve abstractly shown the existence of a basis but not how to get
one, let alone a “nice” one: the above procedure chooses !w1, !w2, . . .
essentially “at random”. So now I’d like to describe a “nice” basis
that you can get for all subspaces W ⊆ Rn. It won’t be immediately
apparent how to obtain this basis either, but in the next section we’ll
unmask it to reveal something very familiar and computable.

We will use the following terminology: (0, 0, 4, 0, 3, 5) has its first
nonzero entry (= 4) in the 3rd place.

II.C.1. DEFINITION. Given W ⊆ Rn, define the leading set of W to
be the set of places where the first nonzero entry of a vector in W can
occur; that is,

L(W) :=
!
ℓ ∈ N

""" ∃!β ∈ W with β1 = · · · = βℓ−1 = 0 and βℓ ∕= 0
#

.

We order the elements of this set, writing

ℓ1(W) < . . . < ℓγ(W) or just ℓ1 < . . . < ℓγ.

Now we use the ℓi’s to produce the next

II.C.2. DEFINITION. For each i ∈ {1, 2, . . . , γ}, let

!Ψi(W) := the unique vector in W with

$
1 in the ℓth

i place, and
0 in all ℓth

j places (j ∕= i).

More compactly, !Ψi ∈ W and

Ψi
ℓj
= δij

%
=

!
1, j=i
0, j ∕=i

&
.

There is something to prove in the second definition. In fact, two
somethings: how do we know such !Ψi exist and why are they unique
(as defined)? I’ll leave existence to you (see Exercise (5)). As for
uniqueness, suppose !Ψ3 and ′!Ψ3 are two vectors in W with a 1 in the
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ℓrd
3 place and 0 in the other ℓth

j places: then

!Ψ3 − ′!Ψ3

is (a) in W and (b) has all ℓth
j entries 0 (since 1 − 1 = 0 in the ℓ3rd

place). So either it is zero, or has first nonzero entry in a place not
in the leading set L(W). The latter would violate our definition of
L(W), and so !Ψ3 − ′!Ψ3 = 0, i.e. !Ψ3 = ′!Ψ3.

Now if W = Rn, then we simply have !Ψi = êi — that is, the
standard basis of Rn. In fact, this generalizes quite nicely:

II.C.3. PROPOSITION. The {!Ψi(W)}γ
i=1 are a basis of W, which we

will term the standard basis. In particular, dim(W) = γ = #{L(W)}.

PROOF. We first show the {!Ψi} span W, by taking an arbitrary
!β ∈ W and trying to exhibit it as a linear combination of the {!Ψi}. To
do this, look at the ℓth

j coordinate of the combination ∑γ
i=1 βℓi

!Ψi:

(∑i βℓi
!Ψi)ℓj = ∑i βℓi Ψ

i
ℓj
= ∑i βℓi δij = βℓj

This is the same as the ℓth
j coordinate of !β! So the vector

!β − ∑γ
i=1 βℓi

!Ψi ∈ W

has ℓth
j entry 0 for each j = 1, . . . , γ. By the same argument as above

(for uniqueness), it must be zero! So

!β = ∑γ
i=1 βℓi

!Ψi,

as desired.
To finish, we have to show {!Ψi} linearly independent: so assume

a linear combination
∑γ

i=1 ci!Ψi =!0,

and try to show all ci = 0. Once again,

(∑i ci!Ψi)ℓj = ∑i ciΨi
ℓj
= cj

says that the ℓth
j entry of the linear combination is cj. So if the com-

bination is!0, all its entries are zero, including the ℓth
j ones! That is,

cj = 0 for all j, and we are done. □
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Now we have two main ways of getting concrete subspaces of
Rn: by taking a handful of vectors {!v1, . . . ,!vm} and considering their
span, or as the solution set of a homogeneous system of equations
A!x = 0. The {!Ψi} may look really nice, but how on earth do we find
them? We already have a technique (involving rref ) for finding a
nice basis of {A!x = 0} from Example II.B.3 – it gives a “backwards”
version10 of the !Ψi. This is good enough for our purposes, so I won’t
go any further with solution spaces right now.

What we really want is to find a basis of

W = span{!v1, . . . ,!vm},

using rref somehow. We can get considerably more power by ab-
stracting this to a problem about row spaces (see §II.D), by taking

A =

'

()
← !v1 →

...
← !vm →

*

+,

so that Vrow(A) = span{!v1, . . . ,!vm} = W. In the next section we will
show:

II.C.4. THEOREM. The nonzero rows of rref (A) are exactly the !Ψi(W),
hence yield a basis for span{!v1, . . . ,!vm}.

II.C.5. COROLLARY. The dimension of span{!v1, . . . ,!vm} is the num-
ber of nonzero rows in rref (A), i.e. the rank of A.

By the way, if you want a basis for W in terms of (a subset of) the
{!vi} instead, then take

rref

'

()
↑ ↑
!v1 · · · !vm

↓ ↓

*

+, ,

and record which columns contain leading 1’s (be forewarned: not
all 1’s are leading 1’s). The!vi corresponding to those columns (in the
original matrix) give a basis. So if leading 1’s are in columns 2 and

10That is, the basis elements have “ending 1’s” rather than leading 1’s.
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5 of the rref above, then {!v2,!v5} (not the columns in rref ) would be
your basis. Briefly, this works because (although the column space is
altered by row operations) we are operating on the column vectors
with an invertible linear transformation (e.g., E(A)). So, although
it changes the column space, it preserves linear relations (or lack
thereof) amongst the columns.

Exercises
(1) Let W be the span of

!v1 =

!

""""""#

1

2

−2

−1

−17

$

%%%%%%&
, !v2 =

!

""""""#

2

5

−2

1

−26

$

%%%%%%&
, !v3 =

!

""""""#

−7

0

42

3

−14

$

%%%%%%&
, !v4 =

!

""""""#

0

6

12

6

−12

$

%%%%%%&
, !v5 =

!

""""""#

4

7

−10

−3

−64

$

%%%%%%&

in R5. (a) Find the standard basis of W by row-reducing the ma-
trix whose rows are the t!vi. (b) Find a basis which is a subset of
{!v1, . . . ,!v5} by row-reducing the matrix with columns !vi.

(2) Let W ⊆ V be a subspace of a finitely-generated vector space V.
Show that dim(W) ≤ dim(V), with equality iff W = V.

(3) Prove that

dim(W1) + dim(W2) = dim(W1 ∩ W2) + dim(W1 + W2)

for (finitely generated) subspaces W1, W2 of a vector space V.
(4) Find a system of homogeneous linear equations for which the

space of solutions is exactly the subspace of R4 spanned by

!v1 =

'

((()

−1
0
4
2

*

+++,
, !v2 =

'

((()

3
4
−8
6

*

+++,
, and !v3 =

'

((()

1
4
0
10

*

+++,
.

(5) Given W ⊆ Rn, and {ℓk}γ
k=1 as in Defn. II.C.1, show that there

exists !Ψi ∈ W with !Ψi
ℓj
= δij. [Hint: use reverse induction on k.]


