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II.LE. Coordinates

Toward the end of §I.D we were interested in writing i € R”
as a linear combination of “some vectors” 7. This was a reasonably
complicated problem, because it might be impossible, or there might
be infinitely many ways to do it — just as in §[.A. What if these
vectors are now a basis of R"? Then the solution is (in principle)
easy: we can always write i as a sum Y_"_; 3,7 in exactly one way.
These (B1,...Bn) are the coordinates of i in the ordered basis B =
{#,...,7"}.

There is nothing special about R" in this regard:

IL.LE.1. PROPOSITION. Let V be a finite-dimensional vector space and
{3,...,7"} a basis of V. Then there is a unique way to write each @ € V
as a linear combination Y. a;7.

PROOF. There is a sum Y a;7# = ¥ for any U € V, because the
basis spans V. If ¥, is another, Y 8;7' = ¢ = Y78 —
Y(Bi — «;)7 = 0. Since {#'} is an independent set, ; — a; = 0 (Vi);
and so B; = «a;. O

Going back to R”, here is how to relate the { 8;} to i/’s coordinates
(y1,.-.,yn) in the standard basis é = {éy,...,¢é,} of R": if we arrange
the basis B as columns in a matrix

T T
Pg=|d ... @
1 \
then
b1 1 1 1
Pg-| ¢+ | =B| T |+...4Ba| T | = :
Bn + + Yn

We can write this more compactly as
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Regardless of the basis, i/ is still the same object “intrinsically” in the
vector space. Entries in column (or row) vectors and matrices are
always just coordinates for intrinsic objects with respect to a chosen
basis.

Conversely, given

Y1

Yn
in the standard basis ¢, to find its coordinates with respect to B we
need to invert P,

7] = Pg ' [7e-
Similarly, to pass from coordinates

with respect to one basis, to coordinates
[yl's =

with respect to some new 'B = {'771, ...,'7"}, we compute

[7)8 = (Pg' - Pg)[§]l =: Pp_vgl¥s.

We say that Pg_,5 is the change-of-basis matrix from B to .

ILE.2. REMARK. I was a bit glib above in writing

T
7

0

without explanation. To spell it out, the entries of this column are
“the coordinates of 7" with respect to the standard basis ¢”. It couldn’t
really be anything else: the coordinates of & with respect to B, after
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all, would just be

1 | « i place.

0
So Pg is “the matrix of B with respect to ¢”, making it a change-of-
basis matrix too.

IL.LE.3. EXAMPLE. We can compute the coordinates of X = ( 1 )
X2

with respect to rotated axes, that is, the basis
B— C(')S 0 , —sin 6 .
sinf cos 6
Write

cosf) —sind 1 cosf sinf
Pg = . ’ PB = . .
sinf cos® —sinf cosf

The new coordinates are
. "x1 1 x1cos 6 + x; sin 6
[X]s = / = PB = ) .
X X —x18inf + x, cos f

Now let’s generalize the above discussion. Given two bases A =

{a',. .., ﬁf}, 'A={it,..., ’ﬁg} for an abstract vector space U, write
T T
Ppsa=| [@)q -+ [@a
{ \

14So, for example, the entries of the first column here are the coordinates of the
“old” basis vector ii' with respect to the “new” basis ' A.
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and
) )
Pl =Pasa=| @4 - [ia
1 1

for the change-of-basis matrices; thus (in R" or C") Pz_,; would just
be Py from before.

Why do these matrices provide the desired change of coordinates?
Clearly

PA—>’A . [ﬁi]A = PA—>’A . 1 < ith place

0
= i column of Py_y = [ii']i4

by matrix multiplication. In other words, P4, 4 does what it’s sup-
posed to on a basis, and so we obtain

(ILE.4) Paralif] 4 = [il] 4

for all i € U by linear extension. (The key point here is that, for any
basis B, the operation [-] of taking coordinates is linear in the sense
that [Y; a;il']g = ¥ a;[if'] g, cf. Exercise (1). So (I.E.4) holds for any
it = Y a;ii’ if it holds for each if'.)

ILE.5. EXAMPLE. Let’s rewrite f(x) = 5 — 6x + 3x> + x> in pow-
ers of x — 1. First of all, we are going to work in the vector space P; =
Ps(x) of polynomials in x (with real coefficients) of degree < 3. The
“natural” basis for this vector space (over R)is A = {1, x, x?, x>} —
natural because f is “already expressed” in terms of this basis, with
coefficient vector



II.E. COORDINATES 53

In order to change bases, we first write the elements of the new basis
B={1,(x—1), (x—1)? (x—1)%} in terms of the old, simply by ex-

panding: for example, (x —1)3 = —1 + 3x — 3x2 + x> has coordinate
vector
-1
3
x—1)34 =
1= 2
1

with respect to the old basis. So

1 -1 1 -1
01 -2 3
P, == ’
4710 0 1 -3
0 0 1
and using rref
1111
0123
~1
Pass=Psa=149 0135 |’
0001
SO we compute
1111 5 3
0123 —6 3
:P = =
fls=Passlfla=1| 5 5 1 3 3 ‘
0001 1 1

That is, we find
fx) =3+3(x—1)+6(x —1)* + (x = 1)°,
which you can check is correct by expanding the powers of (x —1).

IL.E.6. REMARK. A basis always comes with an order; in other
words, when we speak of a “basis” this is short for “ordered ba-
sis”. Changing the order of the vectors in a basis permutes the co-
ordinates with respect to that basis accordingly. The change-of-basis
matrix between two bases with the same elements (but differently
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ordered) is a “permutation matrix”, with a single 1 in each row and
each column, and all other entries zero.

Exercises

(1) Given a real vector space V with basis A = {271,. .., 0"}, show
that [-] 4 is linear in the sense described after (ILE.4). (In the ter-
minology of the next chapter, it is a linear transformation — in fact,
an isomorphism — from V to R".)

(2) Continuing the notation from (1), suppose that B = {@!,...,@"}
is another list of n vectors. Let P be the matrix with columns
[@]4,j = 1,...,n. Prove that B is a basis if and only if P is
invertible."” (Indeed, this is the quickest way to see that B in
Example IL.E.5 is a basis of Ps.)

(3) Let @ € C® be the vector with coordinates (1,0, 1) with respect to
the standard basis. Compute [7]g, where B is the basis consisting
of the vectors with coordinates (2i,1,0), (2,—1,1), and (0,1 +
i,1—1i) (in that order).

(4) Let V be the vector space over C of all functions from R into C,
i.e. the space of all complex-valued functions on the real line. Let
fi(x) =1, falx) = €%, fo(x) = e,

(a) Prove that fi, f», f3 are linearly independent.
(b) Let g1(x) =1, g2(x) = cos(x), g3(x) = sin(x). Find an invert-
ible 3 x 3 matrix P such that g;(x) = Y3 P;ifi(x) forj=1,2,3.

(5) Let P, be the vector space over R consisting of all polynomials
(in x) of degree 2 or less. Let t be a fixed real number and define
§1(%) =1, g2(x) = x+1, ga(x) = (x + D).

(a) Prove that B = {1, 42, g3} is a basis for P.
(b) If f(x) = co + c1x + c2x?, use a change of basis matrix to find
its coordinates with respect to B.

151 which case, of course, P is just Pg_, 4.



