III.C. LINEAR FUNCTIONALS I: DERIVATIONS AND JACOBIANS 77

III.C. Linear Functionals I:
Derivations and Jacobians

This section offers a divertissement on the subject of how linear
algebra is applied to multivariable calculus. In one-variable calculus,
given a nonlinear function f: R — IR, you look at the tangent line

y=(y—f(a) = f(a)- (x—a) = f'(a) -x

which is the graph of the linear transformation approximating f to
tirst order at 2. We would like to say something similar for multi-
variate nonlinear functions f: R™ — IR". Rather than just stating
it, though, we will try to discover how it arises from geometry. The
actual formula for the linear transformation approximating f to first
order will come at the end.

Linear functionals. Think back to §I.A, where we considered
systems of equations of the form

ax1+...+ayx, =b.

How should we think of the left-hand side? Isita-X? Oral xn
matrix (i.e. row) operating on a (column) vector? Or perhaps, a linear
transformation
a: R" - R!,
with the hyperplane (of vectors “perpendicular” to &)
V={ax1+...+a,x, =0} CR"
as its kernel (or null space). More generally, any linear transfomation

L:V—-=R

is called a linear functional (or form). If V is IR" then all linear func-
tionals are just “dot product” with a fixed vector @ € R", as above.
These examples seem pretty boring, huh? The famous mathe-
matician G.H. Hardy called applied mathematics “dehydrated ele-
phants”. Seems like the same could be said of abstractified linear
algebra. This calls for a strong dose of mathematical culture!
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Coordinate systems on manifolds. So let me ask the apparently
unrelated question, How would you differentiate a function on a mani-
fold, for example on the n-sphere

S'={zZA+.. .+, =1} CR"?

First you have to choose a direction against which to look at the rate
of change of the function. So it seems plausible that we should de-
note derivatives by a vector. We will first describe them intrinsically,
then explain how to use coordinates to “write them down”, exactly
as we did with linear transformations.

Let M be an n-dimensional manifold. For our purposes it is
enough to think of M as a curvy space that can be patched together
from open sets in R". Write C*°(M) for the smooth functions on M
(the oo is for “infinitely differentiable”), and take any point p € M.
Then a derivation at p € M is any linear functional

w: C°(M) =R
that obeys the “Leibniz rule”

w(f-g) = f(p)-©(g) + gp) - @(f)

From this rule you can derive the surprising property that @ does
not assign different values to h; and hy if they are equal in a small
neighborhood of p. For let ¢ be a (smooth) function thatis 0 at p, and
1 outside that neighborhood: then iy — h, = ¢ - (hy — hy), and

W(hy —hy) = @(g - [l — ha]) =
= (Il —h2)(p) - @(g) +g(p) - @(h —h2) = 0;
since @ is linear, W(h1) = @(hy). Also we have
B(1) =d(1-1)=1-d(1)+1- (1) =2-d(1) = @(1)=0

and so @ kills constants. We denote by D, (M) the vector space of
derivations at p.
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Now let V; C R", U; € M be open sets containing the origin and
p, respectively, and let

o1 Vi— U
be a (smooth, bijective) function taking
0,...,0) —> p.

You can think of this as a coordinate system (or parametrization
map) with origin “at” p. There is a 1-to-1 correspondence between
derivations

D, (M) > Dy(R")

sending

—

@ — (py)«@

where (p1). and (o; ') are defined by
(0:0)(f) :=3(fop)  given f € C*(M)

and ((o™1).@)(g) = @W(gop~'). The following picture summarizes
the situation:

coordinates

X ,...,X
n

In words: say I give you a derivation “” (at 0) on [functions on]
R". You can get a derivation “p.7” (at p) on functions f € C®(M) by
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(i) composing f with p to get a function on R”, then (ii) applying the
derivation 7 to the composite f o p. More concisely, you should think
of the lower star as “pushing” derivations in the same direction as
the map.

Because of this 1-to-1 correspondence, to study derivations D, (M)
it suffices to understand the possibilities for 7 € Dy(IR"). To this end,
let’s consider an analytic function on M, so that we may represent it

locally by a Taylor series:

d
g(x1,...,x0) = a0+a1x1+...+anxn+2 ( Z ag,. d,X;" - ..xﬁ”) )

a>2 d1+...+dn:d

On any monomial x’fl o of degree > 2, ¥ is zero by the Leibniz
rule, since we are evaluating® at 0 = (0,...,0). So by linearity (and
because ¥ also kills the constant term),

9(g) = a19(x1) + ...+ a,9(xp),

which says that @ is just the differential operator

d

q 0 , 0
v(xl)a—x1 - —{—v(xn)E = Z“ia—xi

composed with evaluation at (0, ...,0). So we have
dim(D,(M)) = dim(Dy(R")) = n,

and even a basis p P
{ (o1) }

*E/---/(Pl)*ﬁ

for D,(M) (we sometimes will omit the evaluation at p [or 0] like
this). If @ € D,(M) is any derivation, it can be written uniquely
“W=Y - (pl)*a%”, which means for f € C®(M)

w(f) = Zaiia(j;;pl)

0,...0)"

SNot all smooth functions are analytic! See Exercise (1).
®For example,

O(x1x2) = x1(0) - T(x2) 4+ x2(0) - F(x1) = 0-F(x2) +0-T(x1) = 0.
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There is absolutely nothing special about this basis. let
P2 : Vo, — Uy

be another parametrization, with p,(0) = p for convenience. This

gives rise to an alternate basis { (02)« aiy }, with respect to which we
]

can write @ to get (exactly as above)

() - et

So our goal should be a transition (change of basis) matrix relating

0,...0) "

the coefficient vectors @ and . Restricting if necessary to open sub-
sets of V; and V, (which map to U; N Uy), we define

012 :=p5 Lo p1,
and write
Or2(x1, ..o, xn) = (Y1 (X1, .., %n), oo, Yn(x1, ..., X0))

(note: 612(0,...,0) = (0,...,0)). The picture has become:

s
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Now let ¢ € C*®(V;) be a smooth function, giving us the picture

/\

12

l g
gob12

R

Push @ (on M) to V; and V, by taking

d d
= (o1 )*w—zlxia—xi/ 02 = (0, )*w—Eﬁja—yj,
and let 7, acton g:

h(g) = d(gop,') = B(gop, o (prop )
= @((gobi2) 0py ') = Ti(gobr).

That is,

Uy = (612)«71 !

What this says concretely is:

g . . d(g o b12)
Zﬁja—yj o = 02(g) = Ti(goba) = ;“ia—xi o +
which by the Chain rule
98 ay} Wi |98
- Z Zay ax o ; Z“laxl |0 ay |o-
So (switching i and j) we have shown that
- Tag
]Bx]
or (in matrix notation)
ad 9
p1 % |0 T Wy; ‘0 X1
: . o '
Pr me o el n
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and we define [y, |, to be the Jacobian matrix [% |0] . In short,
]

o

ﬁ = ]612 |O EZ

Conversely, those derivations ) oc,-% and ) 'Bjaiy» on distinct coordi-
t ]

nate patches which “agree” in the sense of this boxed fomula, corre-
spond to one and the same derivation on M.

In fact, when one studies manifolds, such equivalence classes of
derivations on R" are (by definition!) the derivations @ on M at p. How
else are you going to differentiate a function at a point on a hyper-
bolic paraboloid z = xy, other than something like “projecting” the
function to the xy-plane, and differentiating it there?

What may come as more of a shock is that this is how you define
vectors on M as well: a tangent vector at p is just a derivation at p!
How about smoothly varying vector fields on all of M? Simply cover
M with coordinate systems p, : V;, — U; C M, and write down
smoothly varying ) txf (x1,...,%n) a%i on each Vj, that “match up” in
the sense that &2 = ]951 4 74,

But suppose I have a submanifold of (say) R, like the sphere
S? = {(x,y,2) | x¥* +y* +2z?> = 1}? Don’t we already have a notion
of tangent vector at p € S?, as vectors in the tangent plane (i.e. a
plane through p orthogonal to the gradient of x> + y* + z2 — 1 at p)?
Well, this “extrinsic” approach turns out to be equivalent to the “in-
trinsic” one we have given, but only works for manifolds embedded
in R”, and is often less convenient even for those.

III.C.1. REMARK. (i) The theory of manifolds takes this philoso-
phy further, defining M abstractly as a topological space with “co-
ordinate chart” maps R" O Vj LY U, C M which are homeomor-
phisms (topological isomorphisms), whose images cover M (i.e. M =
UUy), and such that the induced 6;,’s on overlaps are C®-functions.
We don’t “assume that p, is C*” because that would be circular — the
definition of a C* function on M is one whose compositions with the
p¢ are all C*.
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(ii) Dp(M) is usually written T, (M), the space of “tangent vec-
tors” = linear differential operators (on M) at p.

Computationally, what have we seen here that is relevant to lin-
ear algebra? That one can summarize the first-order (linear) behav-
ior of a nonlinear transformation from R” — R"” (namely, 01,) by its
Jacobian matrix. This is the appropriate way to transform vectors,
and it extends to maps 6: R” — R"™, except that | is then an m X n
matrix. Writing 6(x1,...,%,) = (01(x1,..., %), ..., 0u(x1,...,Xxn)),
the induced map 6. on vectors is linear at each point p = (x1,...,xy)
of R", and has matrix

90, oo 99
dxq |P axy, |p
Jo|, = : .
86,,, . agm
dxy |P dx, |p

with respect to the “standard basis” (for vectors at each point). From
this simpler perspective, the link with differential operators is that
they transform (by the chain rule) as vectors, i.e. by the same matrix.

Exercises

(1) For a smooth function G on M, check that any derivation kills
G — Lg, where Lg(x) = G(0) + Gy, (0)x1 + - - - 4+ Gy, (0)xy, is the
linear approximation (defined only locally), thereby completing
the argument above.

(2) Show that the multivariable chain rule for a composition of (non-
linear) maps F: R" — R" and G: R¢ — R™ can be recast as the
statement JroG|p = JF|g(p) - JG|p (matrix multiplication).

(3) Let M = 82 C R be given by x7 + x3 + x3 = 1, and consider the
open sets U; = S2N{x; > 0} and U, = S?> N {x, > 0}. Write
down the natural parametrizations p; from the unit disk D; C R?
to Uj, then compute 61 and its Jacobian.

(4) Continuing (3), compute the Jacobians of p;, which are 3 x 2 ma-
trices. Show that (for P € D) ]p].| p maps vectors 7 € IR? to vec-
tors (p;).7 in the “physical” tangent plane to S? at p;(P). How
are these Jacobians related to Jg,,?



