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IV.B. Computational methods for determinants

In §IV.A we defined

det(A) = Y sgn(0) - a(p1y1) - o))

UGSn

by evaluating the unique alternating multilinear functional

A: R"x---xR" - R
—_———

n copies

having A(é,...,é,) =1, on the columns of A.

Patterns and Inversions. Let’s get our hands on

sgn((f) _ (_1)# of swaps to produce o _. (_1)5(0)'

Define an inversion in ¢ to be a pair r < s with o(r) > o(s), and set
N(c) := # of inversions in 0.

So the permutation ¢ sending (1,2,3) — (3,2,1), which “graphi-

cally” looks like
a;p a2 413

a1 |A422] a3 |,
az1| 4as 433
has N(o) = 3. We shall tacitly identify “patterns” like this given

by drawing boxes around the entries 4, ;) i) [or a(i,«,j)] in A, and the

ii
corresponding permutation ¢ [or multi-index (iy, .. ., i, )].1 An inver-
sion in a permutation is the same thing (under this correspondence)
as a line of positive slope connecting two boxes in a pattern. One
warning here: we are not just talking about adjacent boxes!

I claim that
(IV.B.1) N(oc)=S(c) mod 2;

that is, N(c) and S(o) are either both even or both odd. (Note that
S(o) is only well-defined mod 2, whereas N(c) is well-defined as
IThe boxes simply graph the 1-to-1 functiono: {1,...,n} — {1,...,n}, where the

horizontal axis is like the “x-axis” in a usual graph, and the function is graphed
upside-down!



100 IV. DETERMINANTS

a natural number.) Of course, (IV.B.1) will mean that (—1)N() =
(—1)%(), and we can substitute counting inversions for the lengthier
process of counting the number of swaps in permutations in the deter-
minant formula.

To prove this, first observe that the “identity” permutation con-
tains no inversions. Write o = ok - - - 07 as a series of swaps (so that
S(0) = K), and begin performing them (starting from the identity).
What we must show is that the number of inversions created by each
swap (minus the number destroyed) is always odd. (Then if K is odd
[even], the final # of inversions will also be odd [even].) So suppose
the partial composition oy - - - 07 is the permutation

(1,...,n)— (i1,...,in)

and consider the effect of 0,1 = (i, is), say, where r <'s.

The key is that this either creates or destroys an inversion r <+ s,
and that all other inversions are created or destroyed in pairs. If
it is not between i, and i5, there can be no change at all regarding
inversions t <> r, t <> s. If i; is between i, and i, but t is not between
r and s, then applying (i, is) will turn inversions f <> r into t < s
(and vice versa). In neither of these cases is there even a net effect on
N. In fact, the only possible effect is when we have

r<t<s, and (a)i, <it<ig or (b) i, >1i; > is

in which case (a) changes to (b) (or vice versa), creating2 (or destroy-
ing) two inversions r <+ t, s <+ t. Since this preserves the “oddness”
wrought by the single r <+ s inversion, we are done.

So we get the formula for the determinant via patterns

(IV.B.2) det(A) = Y (—1)NOig, \oog;
lfil,...,l‘ngn
all distinct

where N(iy, ..., i) is just the number of inversions in the permuta-
tion (1,...,1n) > (iy,...,in).

That is, oy - - - 07 would not contain these inversions but 0y, 10 - - - 07 would.
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You may read the formula as a sum over patterns all of whose boxes
contain nonzero entries; it is useful primarily when there are not very
many such patterms, e.g.

1
1 since there are exactly 2 inversions
det 1 =1 in the only pattern containing
1 all nonzero entries,
21
or det =1-6=-5.

Transposes and row-reduction. Notice that the transpose of a
pattern is also a pattern (because 1-to-1 functions are invertible), and
that inversions are also invariant under transposition. (They are rep-
resented by lines with positive slope connecting 2 entries in a pat-
tern, and transposition preserves the “sign” of slope — whether a line
is going up or down to the right.) It follows that

det(A) = det(*A), ie.
Y _581(0) - A(r(1)1) "+ Ao(m)m) = D 58M(T) *A(1,0(1)) " Ano(n))
andoif {¢;}, {7;} are the columns andarows of A,
det(A) = A(cy,...,Cn) = AP, ..., Tn).

This allows us to see how det(A) behaves under elementary row
operations:

(i) If A’ is obtained from A by adding b times row i to row j:

multilinearity of A

det(A') = A(Fr..., By Fi+bFy... ) =

.A(?l,...,71',...,7]',...,7,1> —l—b'A(?l,...,7,‘,...,71',...,7n> = det(A),

0 by antisymmetry

so that the determinant is unchanged.
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(ii) Multiplication of any row by % multiplies the determinant by the
same, by multilinearity of A.

(iii) Swapping two rows changes the sign of the determinant.

If A is invertible then rref(A) = 1,, whose determinant is 1.
Thus for invertible A we have yet another way of computing det(A):
counting the number of row swaps s and keeping track of the b; by
which we divide(!!) rows, in finding rref (A). (Adding multiples of
one row to other rows, is irrelevant.) So the formula is

(IV.B.3) det(A) = (—1)° (T1; br) -

This also proves that
(IV.B4) the determinant of an invertible matrix is nonzero.

The Laplace expansion. A more traditional definition of the n x
n determinant is obtained inductively, in terms of determinants of
(n—1) x (n—1) “minors”

A matrix extracted from A by omitting
i the i row and j column.
For example
an A (n-1)
Ai?z — Ag—1yn 0 A3G=1)(n-1) ,
A+ 0 A1) (n-1)

an1 c e Ap(n—1)
and the expansion along the last column of A is

n .
det(A) := ) (—1)""a;, - det(A:).
i=1
More generally, we can expand along the £ column or k* row:
(IV.B.5)

n ) n -
i= =
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Such formulas are useful when there is a row or column which is
almost all zeroes, as in

5001
412 3 > 0l
det = (=1)>"2.1-det| 7 1 4
7 01 4
126
1026

1 4 7 1
= bdet 1det =5.(-12 13 = 3.
e<26)+ e<12> ( )+

We will prove the first equality in (IV.B.5), the formula for expan-
sion along the ¢ column. (The row-expansion formula then follows
from det(A) = det(*A) and the column-expansion on ' A.) To do this

we will need the following key

IV.B.6. PROPOSITION. Let Az;(ﬁ) be the matrix obtained by replacing
the ¢ column of A by B. Then

det(A;(é)) = (—1)"* " det(Ay).

PROOF. The left hand side is

aig - o --- a1
det(Az(é\k)) = det ay - 1 - ag,
Ayl - o -.- Ann
/l\
/™ column

0 aig -+ v A1y

= (=) det | 1 apy -+ -+ ag

0 gl -+ -+ Aup

T

omit a,’s
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fth

after swapping the ¢*" column successively past the columns to its

left. Adding multiples of the new 15 column to the others yields

0 ajg - e+ Aip
=(-1)"1'det| 1 0 -+ -+ 0
0 Ayl -+ - Aun

and swapping the k' row past each row above it gives

:(—1)k+fdet<1 0 )
0 AkAﬁ

since (—1)"1(=1)k"1 = (—1)**{, But patterns (with nonzero en-

D 1] 0 . : .
tries) in <F‘T> have the same number of inversions as their
ke

restriction to the (n — 1) x (n — 1) block Ay, so its determinant is

just that of A. O

PROOF OF LAPLACE EXPANSION. We prove the expansion along

the ¢/t column
ary

=1 | =) aud
Ape

of A, namely
n

det(A) = Z(—l)iJreaig det(A).
i=1
Write det A in terms of the alternating multilinear functional A act-
ing on its columns, that is,

det(A) =S A(El,...,gg,...gn) e A(Elr---/zaiééi/---/gn)
i
= Za,’gA(El,...,éi,...,En) = Zaigdet(A@(éi)).
i

But by the Proposition this is just Y a;{(—1)"** det(A5)}, as de-
sired. 0
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Vandermonde determinants. We come to the last determinant
formula, which is more of a novelty item than a method for comput-
ing determinants. However, it does show up a lot in mathematics.
In this proof we clearly begin to reap the benefits of several pages of
annoying formalism. When we get to eigenvalues we will really reap
the benefits of studying determinants!

Consider n + 1 distinct scalars ay, a1, ..., a,, and write down the
(n+1) x (n+ 1) matrix

1 1 .- 1
ao a]. o e ai’l
(IV.B.7) A= | d} a} - a3
al ab --- al

We will prove inductively that

(IV.B.8) det(A) = [](a;i—aj),

wherei > jmeansn >i>j > 0.

BASE CASE (n = 1):
1 1
A= ( ) , det(A) = a; — ap.
ap a1

INDUCTIVE STEP: Assume the boxed formula holds for n — 1 (i.e.
for n x n Vandermonde determinants); we will prove it for n (i.e.
(n+1) x (n+ 1) matrices). Define a function by

1 - 1 1
ao an_l t
f(t) o= det| a5 -+ ap_y £
a; ay_q t"

and note that f(a,) = det(A).
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By Laplace expansion along the last column, f is clearly a polyno-
mial of degree n, say Y cxt’. In fact, according to that expansion,
the coefficient of " is just

1 .. 1

ey = (—1)FDFH) g | 70T
~1 ~1
ag aZ—l

which is 1 times an n X n Vandermonde determinant. By the induc-
tive hypothesis, we have
cn:H(ai—a]-), where i > j means n —1>1i>j>0.
i>]

Moreover, f(ap) = --- = f(a,—1) = 0, since if any of the scalars
ap, . ..,a,_1 is substituted in for ¢, two columns (in the matrix whose
determinant defines f) are the same (making the determinant zero
by antisymmetry). Since a polynomial of degree n has at most n
roots, this not only tells us all of them — it tells us that f breaks up
entirely into linear factors

f(t) — A (t - ﬂo) """ (t — an—l)-

But the constant k in this expression is also the coefficient of ", and
we know what that is. Therefore the formula for f is

f(t) = ( H (ai_aj)) -(t—ao) ....... (t_an—l)

[n—1>]i>j
and
det(A) = f(an) = ( IT (w—%)) ~(an —ag) -+ (an —an-1)
[n—1>]i>j
= H (a; — aj),
[n>]i>]

as claimed. O
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Exercises

(1) Find the determinant of the 100 x 100 matrix below:
0 1
1 0

[Hint: Clearly most of the difficulty is in finding the sign. Think
about counting inversions.]

(2) Compute the determinants of the following by Gauss-Jordan elim-

ination:
11 1
1 -1 2 -2 2 9 5
-1 2 1 6 , s 3 3
2 1 14 10
-2 6 10 33 ) )
123 --- n

(3) Use the Vandermonde determinant formula to compute

11 1 1 1
1 2 3 4 5
det| 1 4 9 16 25
1 8 27 64 125
1 16 81 256 625
(4) An n x n matrix A over a field F satisfying A = —A is called

skew-symmetric. For such a matrix A,
(a) prove that det(A) = 0 if n is odd and the characteristic of F is
different from 2; and
(b) demonstrate (by examples) that det(A) can be nonzero if n is
even, or if n is odd and F has characteristic 2.

(5) This problem gives a generalization of Exercise IV.A.3. Suppose
A = (ajj) is an n x n block upper triangular matrix. That is, there
are natural numbers nq, ..., n;, with Z’gzl ny, = n, such that (for
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eachl < p < k)ai]- =O0whenj <n+---+nyandi > ny +
(a) For instance, if n = 4 = 2+ 2 = ny +np, then az; = ay =
az = ag = 0; its diagonal blocks are

A = a1 a2 and A, = a3 a34 '
ar| dx 43 044
Prove that det A = (det A1)(det Ay). [Hint: one way is to think

about patterns.]
(b) [optional] Prove in the general case that det A = H’gzl det Ay.



