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IV.C. Properties and applications of determinants

In (IV.B.4), we have seen that the determinant of an invertible
matrix is nonzero; now suppose an 7 X 1 matrix A is non-invertible
(often called singular). Since the dimension of its image (which is not
all of R") is < n — 1, its columns must be linearly dependent:

x1C1+...+wa,¢, =0, «; not all 0.

Without loss of generality we may assume a; # 0, so that

Now writing det(A) as an alternating multilinear functional A in the
columns of A,

det(A) = A(cy,...,ch) = —A (£C2+”'a_:c”’ cz,...,cn)
114 P — (44 — — —
:_—ZA(CZ,CZ,...,Cn)_...——n (Cn/C2,---zCn) :0,
a1 el

where the last step is by antisymmetry. We have proved

IV.C.1. PROPOSITION (The Invertibility Criterion).

A is invertible <= det(A) # 0.

In the same spirit (using alternating multilinearity of det) we can
also prove

IV.C.2. PROPOSITION. For any two n X n matrices,

det(AB) = det(A) det(B).

PROOF. First notice that

A B AB
0 0 by -+ b t 0
i -+ Cn Pt = YibaCi - LibuGi |,
*I/ ‘L bnl e bnn ‘l’ ‘l’
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so det(AB) =

A (Z billgil R sz’,1n5in> = z bi11 """ binn : A(al’ ce /61',1)
i1 i i1,eed

In

= Z ba(l)l """ ba(n)n ’ A(Ea(l)/ s Ea(n))

oeSy
= Zba(l)l ce ba(n)nsgn(U)A(El,. . .,En) = det(B) . det(A),
o

where in the second line we dropped all multi-indices 7 but the per-
mutations o (since otherwise A(C;, ..., C;,) was zero by antisymme-
try). O]

Sincell, = A- A~1,1 = det(Il,,) = det(A) - det(A~!), and we get
part (i) of:

IV.C.3. COROLLARY. (i) det(A~!) = (det(A))~!, and
(ii) det(A) = det(B) if A ~ B.

PROOF OF (ii). Recall that A is similar to B if A = S™1BS for
some invertible S. So the result follows from part (i) and the Propo-
sition. 0

Soif T: V — V is any linear transformation and B, 'B are bases
of V, then

IV.C.3(ii)
=

[T]g = Pp_,g[T)sP_yp det([T]5) = det([T]:5),

and it makes sense to define det(T) as the determinant of the matrix
of T with respect to any basis (they are all the same!).

Geometric interpretation: the determinant as expansion factor.
Recall that det(A) was the unique function on 1 vectors € R" sat-
isfying multilinearity, antisymmetry and normalization. So if I give
you another such function, it has to be det (if applied to the col-
umn vectors of a matrix). Here goes: the oriented n-volume of the
n-parallelepiped®

P(al,...,ﬁn) = {a151+...+an5n| OS(ZZ S 1 (\VIZ.)}.

3For example, if n = 2, P(74, 0) is just the parallelogram “spanned” by 7, 7.
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Swapping vectors changes the orientation and thus the sign of the
oriented volume; multiplying the length of a side by b multiplies the
volume by b; and the n-volume of the unit n-cube P(éy,...,¢é,) is 1
(normalization). All that is left to check is that

Vol{P(t + @, ¥,,...,0y)} =
Vol{ P(¥1, 72, ...,0Un)} + VO{P(®, Ty, ...,0y)}.
In fact it suffices to check that if @ € span{¥,,...,0,},
(IV.C4)  Vol{P(¥y +@,Ty,...,0,)} = VOl{P(31,72,...,7,)},
because then for any @ = bt + '@ (where '@ € span{v,, ..., Tn}),
Vol{P(¥1 + @, T,...,Ty)} = Vol{P((1+ b)3 +'®, Ba,...,Tn)}

IV.C. L ~ . -
NED Vol{P((1+ b)d1,5s, ..., T0)} = (1+ b)VOl{P(31,5s, ..., 7))}
= VOl{P(ﬁl,ﬁz, e ,5n)} + VOl{P(bﬁl,ﬁz, ce ,5},)}
=D N P51, s, ..., Ba) } + VOUP(@, B, .., Tn) }.
But (IV.C.4) just follows from Cavalieri’s principle, which roughly
says that a shear does not change the volume of a figure. To see why
the parallelepiped on the left hand side of (IV.C.4) is just a sheared
version of the one on the right, imagine taking slices parallel to the
span{Ty, ..., Un}.
By uniqueness of a function on n vectors with these properties,
we have shown:

T T
VO]{P(ﬁl,...,Zjn)}=A(Z71,...,Z7n)=det 51 5;1
3 \J

We can apply this to a linear transformation

T: R" - R"
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to find its expansion factor

T T
det [Tﬁl]é [Tﬁn]e
Vol{P(T%,..., Tdn)} 2 \J
Vol{P(d1,...,T1)} 4 4
det [Z_jl]e [5n]é
3 3

= det (¢[T]g) - (det(Pg)) "'
= det (Pgl -é[T]B)
= det (5[T]5)
= det(T),
that is, its determinant with respect to any basis (e.g., € will do). In

fact, by covering any region (2 € R" with a confetti of tiny parallel-
ograms, you can see that

Vol{T(Q)}
Vol{ )}
Referring back to the end of §III.C, consider a nonlinear transfor-
mation T: R" — R",

= det(T).

T(x1,...,xn) = (Y1(x1, -, %), o, Yn(X1, .-+, Xn))

with Jacobian
ax1 axn
Jr = : .o
0xq dxy,

You should think of det(Jr) as an infinitesimal expansion factor (it
is different at each point). Jr is a first-order approximation of T,
a multi-dimensional analogue of the slope of the line tangent to a
curve, and it is the closest we can get to a “matrix for T” since (being
nonlinear) T has no matrix. On the other hand, if T actually is linear
with matrix [T]; = A, then J7 coincides with A.
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Cramer’s rule. This material on determinants has some neat ap-
plications to two of the problems with which we started this course:
solving systems of linear equations, and finding matrix inverses. As
you know (Example 1.C.2),

a1 a 1 a —a
(mn) = em ()
so we may write the solution to
(5)-(2)
as ,
x
()= () =i

or perhaps more elegantly

det( by ap ) )
by ax )  det(A;(B))

axnby — apby
a11by — ax by

_ i(
T T det(A) det(A)
()
B an by ) det(As(B))
2= det(A) ~ det(A)

where A+( B) denotes the matrix obtained by replacing the ih column
of Aby B.

More generally, let’s prove Cramer’s rule: that for A an invertible
n X n matrix with columns ¢;, the unique solution of

—

AZ=f

is given component-wise by

det(4;(B)) . ,
(IV.C.5) X; = det(A) ,i=1,...,n:
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indeed, det(A;(B)) =

T T T T T T
=det| & B & | =det| & A% - G,

\ i + \ i i

T T T T T T
=det| & - LjxG g | = ijdet Ci +++ G+ Cn

\ 3 + ! \ \ \

where in the last matrix ¢; is written in the ith column. If j # i, ¢j also
occurs in the j column, making the determinant zero by antisym-
metry. The only remaining term of the sum is j = i, so the above

T T T
= X det 81 s E)l ce Zn = Xi det(A)/
+ + +

which is what we wanted.

IV.C.6. REMARK. Gauss-Jordan elimination is still the faster way
to solve systems with numerical entries. If the entries are variables or
parameters of some kind, Cramer’s rule is likely to be more efficient.
In particular, we shall make use of it for matrices with polynomial
entries in §§VI.A-VILB.

Closed form expression for A~!. Here is an easy corollary of
Cramer’s rule. Again, for matrices with numerical entries this is prob-
ably not a good substitute for the rref procedure for finding inverses.

If A is invertible with

0 0 K11t Wy
A_ = r?l ’77’1 - : : 7
\L \L anl ctt “nn

then
A'A_1:]In — Af?‘]:é]’ j:l,...,?’l.

By Cramer’s rule (treating y; and é; as X and B),

det(A;(¢)))

ajj = i entry of Y = det(A)
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Using Proposition IV.B.6, this becomes

it det(Aﬁ)

Note the switching of j and i!! The matrix with (i, /)™ entry given
by (—1)* det(A].Al.) is called the adjugate (or classical adjoint) of A,

adj(A); in these terms A~! = madj(A).

An application to differential equations. Consider the inhomo-
geneous ODE

(IV.C.8) f"(t) +rf(t) + kf(t) = Fcost.

You should think of this as the differential equation governing the
motion of a metal ball on a spring with strength k, being driven by
an oscillating magnetic field of strength F, and encountering some
kind of air resistance or friction r. We begin with the case where
r = 0 (no resistance) and k = 1, so as to get resonance in the solution.
The idea is to view the differential operator

d? d

as a linear transformation on the (vector) space of functions
f(t) = cqcos(t) + cosin(t) + cat cos(t) + cat sin(t)
and write it relative to the basis
B = {01,0,,73,74} = {cost, sint, tcost, tsint}.

Carrying this out, we get

1 1 1 T 8 8 —02 5
Tls=| [Tas [Tols [Tals [Tos | =, 4 o o
! ! 3 ¥ 00 0 0
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and so the matrix version of T(f) = Fcost is

00 0 2 1 F
00 —2 0 o | | o
00 0 O es | | O
00 0 O Ca 0

The general solution is then c3 = 0, ¢4 = g (and ¢4, ¢y free) or
F . .
f(t) = Etsmt + ci1cost + cpsint.

You can view this as a particular solution (e.g., gt sin t) of the inhomo-
geneous equation T(f) = F cost plus a solution of the homogeneous
equation T(f) = 0 of the form ¢; cost + ¢; sint, where ¢; and ¢, are
the two degrees of freedom you get by choosing the initial position
and velocity of the metal ball. (Indeed, it is “physically” obvious that
you must have these two degrees of freedom.)

In the general case (arbitrary  and k) the matrix is

k—1 r r 2
—r k-1 =2 r
T|lp = ;
Tl 0 0 k-1 7
0 0 —r k-1
for instance, you get the 3'4 column by writing
Tt3 = T(tcost) = —2sint — tcost + rcost — rtsint + kt cos t

=1t — 20, + (k - 1)53 — 1U4.
Now det(T) = [(k — 1)? + r?]? as you can check (use Exercise IV.B.5),
so T is invertible and Cramer’s rule applies:

F r r 2

det(T; (B)) = det | ° — (k—DF[(k—172 17,

o O
o O
»
L
4
—
»
| =
—
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k—1 F r 2
det(Ty(B) =det| = 0 T2 T | R k—1)2 47,
0 k-1 r
0 0 —-—r k-1

while det(T3(B)) = det(T;(B)) = 0. So dividing these by det(T) to
get the coefficients cy, ..., c4 we have the particular solution

_ (k-DF
f(t)—m

rF .
cost + 712 sin f.

(k—1)>+

But where on earth are the two degrees of freedom? There’s no
homogeneous term here! That’s because we didn’t consider a big
enough vector space of functions; indeed, this is why the matrix was
invertible. In fact, from the theory of differential equations the solu-
tions of the homogeneous equation

frarf +kf=0
—r:l:\ém

are given in terms of the roots p+ = of the auxiliary equa-
tion
p2 +ro+k=0,
by aef+! 4 Bef-!. This isn’t a physics course, so let’s just consider
the case where r* < 4k so that p; = —5 +i0, p_ = —5 —io. Take
a = (A —iB), B = (A +iB) so we get a real answer. Then we get
the general solution
k—1)F rF

0= G aeost + iy

where the first two terms follow the driving force, but “out of sync”

cost + sint + e " (Acosct + Bsinot)

(the sin term) because of the resistance r. The last term decays as t —
oo but represents the response of the system to the initial position and
velocity, where ¢ has to do with the resonant frequency of the system
rather than the frequency of the driving force.
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Exercises
(1) Use the classical adjoint formula to compute the inverses of each
of the following 3 x 3 real matrices:

-2 3 2 cosf 0 —sinf
6 0 3 , 0 1 0
4 1 -1 sinf 0 cosf

(2) Use Cramer’s rule to solve the system

x+y+z = 11
2x—6y—z = 0
3x+4y+2z = 0.

(3) An n X n matrix is called orthogonal if A'A = T,,. If A is orthog-
onal, show that det A = £1. Give an example of an orthogonal
matrix for which det A = —1.

(4) An n x n matrix A over the field of complex numbers is called
unitary if AA* = I, where A* denotes the conjugate transpose.
If A is unitary, show that | det A| = 1.

(5) Let T : R? — IR? be an invertible linear transformation with
matrix [T], = M. Let Q; = unit square in R?, Q, = T(Q)1), and
f: R?> = R any continuous function, so that we may define

8(u,0) = f(T(u,0)).

(i) What is the relationship between the double integrals

//sz(x,y)dA and //ng(u,v)dA?

Your answer will involve the matrix M. (Start by considering the
case of f a constant.)

(ii) Now what is the relationship if T: R? — R? is no longer linear?
This time your answer will involve the Jacobian matrix of T, Jr.
(Note that T itself no longer is expressed by a matrix M. You
should write for convenience T(u,v) = (x(u,v), y(u,v)), and for
starters write |1 in terms of the partial derivatives of x and y with
respect to u and v.) Make sure your formula coincides with the
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one you derived above, when T is linear. [Hint: in that case (T
linear with matrix M) what is the relationship between M and
Jr? This is very easy!]

(6) In this problem you will extend the cross-product from 2 vectors
in R3 to n — 1 vectors in R". Consider %,,...,7, € R". The

transformation
T 1 )
T(X)=det| ¥ ¥, --- U,
14 {

is a linear functional because det is linear in each column sepa-
rately. Since every linear functional on IR" is just dot product by
a unique vector? in R", T(X) = i - X (for all ¥ € R") for a unique
ii. We define this i to be the cross product of 7, thru 7y: that is,

T 1 T
X-(Upx---XTy)=det| ¥ ¥ -+ Ty for all ¥ € R"
Ll \J

is the defining relationship. (Warning: you must have e.g. 3 vec-
tors in IR* to form cross product; 2 is not enough.)

Now the i component of a vector @ is é; - @. So the i compo-
nent of ¥y X - - X U, is

T 1 T
6 (Tax - xTy)=det| & @ --- o, |. (%)
I !

(a) Show that for two vectors 7,@ € RR?, the cross product you
know is the same as the one given by this formula. (Using (),
find an explicit formula for the entries of the cross-product vec-
tor, involving the entries of 7 and ).
(b) When is 7, x - - - x U, = 0? Give your answer in terms of lin-
ear independence.

mduct is being used here to give an isomorphism of R" with its dual

(R™)V. It is in fact more natural to view the cross-product as an element in the
dual space.
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(c) Find &, x - - - X é,.
(d) Show ¥y X - -+ X Uy is L to Ty, ..., Up.
(e) What is the relationship between ¥, x U3 X - - - X ¥, and 73 X

—

Up X+« X Ty?



