V. Eigenvectors and eigenvalues

V.A. Linear dynamical systems

Let T: V — V be a (linear) endomorphism of a vector space V
over a field F. (For us, F will almost always be R or C.) The subspace
W C V is said to be T-invariant if T(W) C W; that is, W is closed
under the action of T.

Consider the case dim W = 1, i.e. W = span{7} (where 7 # 0).
The invariance condition T(7) C span{7} just says that

T? = AU forsome A € F,

in which case 7 is called an eigenvector of T with eigenvalue A. Define
the “[T-]eigenspace of A” to be the subspace E,(T) C V consisting of
all eigenvectors of T with eigenvalue A. More formally,

(V.A.1) E\(T):={F e V| TF = A7}.

This is a subspace because it is closed under addition and scalar mul-
tiplication. For instance, if 7, @ belong to E, (T), then

T(3+ @) = To+ T = AT+ A® = A(T+ @),

and so does ¥ + @. WARNING: this is for two vectors in the same
E)(T) (eigenvectors of T with the same eigenvalue A). As you'll
check in Exercise (1), the sum of two (nonzero) eigenvectors with
different eigenvalues is never an eigenvector.

V.A.2. EXAMPLE. Let T : R? — RR? be the linear operator with
matrix

111
Te=A=|111
111
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relative to the standard basis. Then

1 1 1 1
Al 1 ]1=3]1 while A| —2 | =0=A4| 1
1 1 1 -2

So @ ) spans E3(T), while ( —12), ( 1 ) form a basis for Eo(T). With
respect to the basis B of R? given by all 3 vectors,

300
Tlz=| 00 0
000

More generally, a basis for V consisting of T-eigenvectors (if there
is one) is called a T-eigenbasis. With respect to such a basis, the matrix
of T is diagonal: if B = {7y, ..., 7, } with T¥; = A;7;, then

T ) ) )
[Tlg=| [To1lg -~ [Touls | =| MOl -+ [AuTuls
1 { { {
A 0
0 An

If Vis R" and A = [T]; then

M
P;lT]sPs = [T]g => Pgz'APg=
A

and we say that A is diagonalizable (i.e., similar to a diagonal matrix).
We can restate this purely in terms of matrices, where an eigenvector
of A is simply an # x 1 matrix 7 such that A7 = A7.!

IWe must be picky in this manner because vectors and transformations are in-
trinsic objects, while matrices [or “column vectors”] are just dumb collections of
numbers which come from writing the coefficients of transformations [or actual
vectors] relative to a basis. We can guarantee that the point of this precision is not
merely to irritate the reader.
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V.A.3. PROPOSITION. If A is an n X n matrix over F and there are
independent n x 1 matrices Uy,...,0, € F" such that AU; = A;T;, then

setting

) )

S - 51 vn 7

{ 1
we have that

M

A=S§- .S
An

With this nice coating of eigencrud we are now ready for the
mathematical biosphere.

V.A.4. EXAMPLE. You have a little problem in your backyard. Let
W(t+1) = 0.86- W(t) + 0.08-5(1)
S(t+1) = —0.12-W(7) + 1.14- S(7)

describe the wolf and sheep populations over time.” (Depending on
your level of patience, T could be either days or months.) Set

- (1) e an (0, 0%)

X(t+1) = AX(71).
To understand the long-term behavior of the system we must com-
pute (with Xp = ¥(0))

X(1) =A%) = A----- A (VSVO>
™ 0

T times

so that

2Clearly, these sheep are either quite prolific or into the cloning business, whereas
wolves either eat them or slowly starve. This evidently sets up the wolves to be
unjustly accused in the aftermath of flock-decimation events, which (according
to the well-known inverse-Aesop effect) are usually false-flag operations devised
by the sheep. The author swears he does not moonlight as a werewolf or receive
funding from lupine organizations.
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for very large 7, which the reader is warmly invited to try and do
by hand. Even if you can,® a brute-force approach won't give us a
closed-form general solution with geometric appeal, which is what
we can get with eigenvectors.

So consider the initial state Wy = 100, Sy = 300, so that

f() — Az, — [ 086 008 (100 (1107
S —012 14 J\ 300 )  \330 )

and thus ¥(7) = A™Xy = (1.1)7X) is easily computed. Set 77 = (1)
and A = 1.1. In this situation the populations grow together.
Next take Wy = 200, Sy = 100. Then

200 180
¥(1) = A%, = A _ — 0.9%,;
*(1) = A% (100) (90 ) *o

again ¥(7) = (0.9)Xy, and we set (for later use) 7, = (239) and

Ay = 0.9. This time there were too many wolves eating too few
sheep, and the populations sank.
So returning to the situation in your backyard, ¥ = (1339 ) and

- - 940
X(1) = Axy = < e ) .

We have no luck with this one; no formula for ¥(7) is obvious. To
predict the rate of consumption of your lawn and the apparently
routine carnage there you need to have a new idea.

“Ah!” you say, “but if this operator A is linear, shouldn’t we be
able to write every X € IR? as a linear combination of #; and @, and
watch the one component shrink by 10% while the other grows by
10% every cycle?” That is, if the initial state is Xy = c17; + c205, then

(1) = AXp = A(c10h + 0202)
= 1AT, + 2 AUy

= C1(1.1)Z71 + C2(0.9)Z72 ,

3This remark is, of course, aimed at our artificially-intelligent readers.
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and since AT is still linear
X(1) = A™%p = ¢1(1.1)77; + ¢2(0.9) 0.

So in the case of

1000 100 200
Yo — _9 4 — 25, + 47,
%o (1000) (300)+ (100) U1 402

st =200 ( 10 )+ (30

and more generally (any Xp) the flow lines shown below describe the
path taken by ¥(7):

S

300 | 1

200 ]
1007 V/jé/é;////
1

As you can see, the eigenformalism is rather useful for describing
the behavior of linear dynamical systems — both discrete (like the
example just done) and, as we shall see next, continuous (i.e. systems
of linear differential equations). First we generalize a bit.

Now let A be an n X n matrix which is diagonalizable [<=> there
is an eigenbasis B = {7,...,,} with AT; =A@, i =1,...,n], and
consider the dynamical system ¥(7 + 1) = AX(7), with initial state
f(O) = Xo. If Xg = 171 + ... + ¢, Uy, then

(V.A.5) X(T) = A{01 + ... + cuA Ty,

simply by applying A to Xy, T times.
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By noticing that for any invertible S
(SASTHT=5AS1.5A571..... SAS™! = SATSTE,

we can get a more elegant proof of (V.A.5) using matrices, which also
indicates how to find the c; used above. Since

M 0 T T
A=Pg Pgl , Where Pg=| ¥; - U |,
0 An } l
we have
M 0 ‘
X(t) = A% = |Pg Pzt %
0 Ay
A ‘
= P P13
An
M
= Py (Pgla?o).
An

Now Py 1%y is just the “column vector”

C1

Cn

containing the coefficients of the expansion Xyp = ¢171 + ... + ¢, Uy.
Multiplying by the (T power) diagonal matrix gives

Cl)\{

cnAl
and Pg just tells us to write the result in the basis ¢, i.e. X(7) =
Y_(ciA])T;, which is (V.A.5).



V.A. LINEAR DYNAMICAL SYSTEMS 127

V.A.6. EXAMPLE. Now let’s turn to a continuous linear dynamical

system
(1) + 20(t)
dx
d—tz = —x1(t) + 4x2 ().

The corresponding matrix equation is

(V.A7) dx = AX, where X = 1 and A = 12 .
dt X2 -1 4

Since we haven't yet discussed how to find eigenvalues, I'll hand
them to you:

2 1
271:<1>,52:(1> — A51:251,A52:352

(thatis, Ay = 2 and A, = 3). These vectors form a basis B = {71, }

for IR? with matrix
21
Pg = ,

and using the Proposition above (V.A.7) becomes

dz 2 0
V.A.8 ~_p pLlx.
( ) dt B(os) 5 *

If we set (for all t, not just t = 0 as we did before)

c -
! =c=P 1x
Co

so that X(t) = ¢1(t)71 + c2(t)7,, then also

dax dc

“_ptt

dt Bt
(because ¥ = Ppc and Pg is a matrix of constants). So (V.A.8) be-
comes

Pl g (20): . E_(20);
Bat =B\ o 3 i \o3 )"
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Now this breaks into the two “independent” equations
— =2 and — =3¢
I 1 2
which have solutions

c1(t) =c1(0)e®  and () = cz(0)e%.

T 1
&(t) = ( z;gg;zz ) — w# =Pt =| @ B ( Zlégiiii )
P
= ¢1(0)eMT) + c2(0)e .
This suggests that the general solution (if A satisfies the hypotheses
of the Proposition) to

—_— = Af, fo = Zci(o)ﬁi
should be
%(t) = Y ci(0)e™'5;
So the only difference between the continuous system and discrete
system is

it

vs. AL,

which in fact is a huge difference: for 0 < A; < 1, ! is an increasing
function of ¢, while )\f is a decreasing one!! Moreover, A; < 0 can
make sense for a continuous dynamical system but not for a discrete

one (A} would jump back and forth between +/ —).

Exercises

(1) Suppose T: V — V is an endomorphism and 7y, ¥, are (nonzero)
eigenvectors of T with distinct eigenvalues A1 # A,.
(a) Show that 7 and @, are independent.
(b) Using (a), prove that ¢ + ¥ is not an eigenvector of T.

(2) In each case, determine if 7 is an eigenvector of A. If so, find the
corresponding eigenvalue.
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-3 1\ . (1
(3}

(b) A = 4 - T = 1
~1 4 1

(3) (a) Give a closed form solution of the continuous dynamical sys-

d_x: 12 X  with initial data ¥(0) = 7 .
it \3 0 2

(b) Sketch a phase portrait (give a qualitative picture of the flow

tem

lines all solutions would follow).
[For the eigenvectors in this and the next two problems, see Ex-
ercise (1) of §V.B]

(4) Solve the discrete dynamical system

6 3

2 7

J?(T—i-l):( 6

) X(t)  withinitial data X¥(0) = <1> :

(5) Consider a door operated by a spring mechanism

=y

subject to the linear differential system

at

dw

= = Jn —

T o — 3w,

where «(t) is angular displacement, w(t) = a'(t) is angular ve-
locity, and «g, wp denote their values at time t = 0 (with ag > 0,
since the door only opens in one direction). For which initial val-
ues does the door “slam”, i.e. reach &« = 0 with velocity w < 0?

(6) Prove the converse of Proposition V.A.3: if A = SDS™! (i.e. A is
diagonalizable) then there is a basis of F" consisting of eigenvec-
tors for A.



