130 V. EIGENVECTORS AND EIGENVALUES
V.B. Mechanics and theory of diagonalization

Let F = R or C, and M, (F) denote n x n matrices with entries in
F. Recall that (by definition) A € M, (F) is diagonalizable over F if we
can write

M 0
A=SDS"! where D = and D,S € M,(F).
0 Ay

Note that since R C C, a matrix with real entries can be looked at as
an element of M, (R) or M,,(C). It may happen that such a matrix is
diagonalizable over C but not R; thatis, A= SDS 1 where S,D ¢
M, (R) (i.e. some of their entries involve i = y/—1).

Recall that (by Proposition V.A.3 and Exercise V.A.6) A is diago-
nalizable over F if and only if there exists an basis B = {¥1,...,7,}
for F"* consisting of eigenvectors of A. The columns of S are just these
{7;} and the entries of D are the their eigenvalues A; with respect to
A. In a nutshell

A diagonalizable/F <= 3 of A-eigenbasis for F"

Now the list Ay, ..., A, is something belonging to diagonalizable
n x n matrices only. An arbitrary A € M, (F) may or may not be di-
agonalizable, so it helps to have an alternate notation for the eigen-
values in general. So we will always write 7y, ..., 05 for the distinct
eigenvalues of A, that is, the scalars A € F such that A7 = A¥ for
some nonzero ¥ € F". The integer s is the number of distinct eigen-
values. An example will suffice to make this notation clear: say

A € M5(R) is diagonalizable with Aq,...,A5 =5,5,7,7,7, i.e.

Thenoy =5,00 =7and s = 2.
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Recall that the eigenspace E;(A) is the subspace of F" consisting
of all the eigenvectors with eigenvalue ¢, together with the vector 0.*
We now claim that

3 of A-eigenbasis <= 2]5-21 dim Eg].(A) = n.

The number dim E,(A) is called the “geometric multiplicity” of o;.
If this holds then we have the seemingly obvious

V.B.1. PROPOSITION. A € M, (F) is diagonalizable over F if and only
if the geometric multiplicities of its eigenvalues in F sum to n.

PROOF. Set d; = dimE;(A). To prove either direction of the
claim, the sticky point is the following: suppose

(V.B.Z) {Z?)((Tl)l, e ,ZTJ(O’l)dl}, ey {'(T)(U'S)l, e ,ZTJ(U'S)dS}

are bases for E; (A),...,Es(A). Then how do we know that the
collection of all these vectors is an independent set? For example,
suppose A has only two distinct eigenvalues o # 0> with dim E,, =
3, dimE,, = 2. Let {iiy, i3} and {@,,@W,} be bases for E,,, E,,
respectively. How would you show that the only way to have

K11 + apiiy + aziiz + g1 + aswWy = 0
is for all «; to be 0? First rewrite
1] + apily + agiis =: U1 and a4 + as5wWyp =: Us.

If we can show ¥} = 0 then by linear independence of iy, ify, ii3,
=0y =wa3 =0; similarly ?72 =0 = a4 =a5=0.
Now we have
U1+7,=0
where U1 € E;, (A) and ¥, € Ey, (A). Letting A operate on this equa-
tion we get
0101 + 020> = 0.
4This follows directky from the definition (V.A.5). We prefer not to call 0 an eigen-

vector, since then one is tempted to say that it has every number as an eigenvalue
of A; and every number is not an eigenvalue of A, because A € F is by definition

an eigenvalue of A iff there exists 7 # 0 with AT = A%.
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Plugging in ¥3 = —¥, to ¥; in this equation gives (02 — 0q)7y = 0.
Since 07 # 0y, Uy = 0 and therefore also 7; = 0, and we are done.
The only difference between this case and the general one is this
last step, which turns out to be a beautiful application of Vander-
monde determinants. Suppose that A has distinct eigenvalues

Ul, ey US
and we have gotten up to the following point:

(V.B.3) G1+T+...+ 0 =0,

I
S
I
=)

where ¥; € E; (A). We would like to show 7 = 7, = ...
Operating repeatedly with A gives the s — 1 equations

0101 + 00Uy + ...+ 0s0s =0,

Uf_lz’)’l + 0’5_152 + ...+ 05_155 =0.
Including the first equation this situation may be summarized in ma-
trix form by

1 1 1 — U —
0 0 o5 — T —
. =0
s—1 s—1 s—1 —
Ul 0'2 st (7'5 (_ vs %

where 0 means the zero matrix. The determinant of the left-hand
matrix (by the Vandermonde result) is

H(Ui — 0%)

i<k
which is nonzero since all the ¢; are distinct. Therefore that matrix
is invertible. Applying its inverse to both sides, we find that the
second matrix must be zero, and we have the desired result (that all
the ¥; = 0).

We have shown that (V.B.2) is always independent, making the

sum of geometric multiplicities Z;Zl dj < n. If this sum equals 7,
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(V.B.2) consists of n independent vectors in F”, so is a basis; and
since they are eigenvectors, it is an eigenbasis. Conversely, if an A-
eigenbasis of F" exists, then we can extend this (n-element) basis to
a set of the form (V.B.2) (by adding more eigenvectors if necessary),
whence n < Zj d]-. But since Z]- d]' < n, this is an equality (and we
didn’t actually add any vectors). O

Finding eigenvectors and eigenvalues. In order to determine
whether ) ; dim E,, (A) = n, we need a way to compute eigenvalues
and bases for the corresponding eigenspaces. Now Ay is an eigen-
value of A iff there exists a 7 # 0 satisfying

AT = A0 & (AQH-A)ﬁZ 0 & v€ ker(/XO]I—A),
or equivalently if
ker(Agl — A) # {0} < (Aol — A) non-invertible < det(Agl — A) = 0.

Therefore an eigenvalue Ay is just a solution to det(Al — A) = 0, and the

corresponding eigenspace is®

EAO(A) = ker(AOII - A)

A basis for this kernel easily found by row-reduction since ker(Agl — A) =
ker{rref(Agl — A)}. The number of (eigen)vectors in that basis is the
geometric multiplicity dim E) (A) of Ag.

We slightly formalize the statement about eigenvalues in the fol-
lowing

V.B.4. DEFINITION. fa(A) := det(Al — A)

A—app  —ap - —day
—ay1 A—axp -+  —ay
= det
—Anl —au2 oo A —apy

SFor uniformity of notation, I will write ker(M) instead of Nul(M) for the
nullspace of a matrix (since it is the kernel of the transformation given by mul-
tiplication by M).
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is called the characteristic polynomial of A. If A € M,(F), then
deg(fa) = n — asis clear from, say, the formula for the determinant
via patterns.

We have already proved

V.B.5. PROPOSITION. Ag € F is an eigenvalue of A if and only if Ag
is a root of f4(A).

V.B.6. DEFINITION. The algebraic multiplicity of an eigenvalue
Ag of A is just its multiplicity as a root of f4 — that is, the largest
integer k such that f4(A) = (A — Ag)¥g(A) for g also a polynomial
with coefficients in F.

The relationship between algebraic and geometric multiplicity is
given in the next

V.B.7. PROPOSITION. Given an eigenvalue o of A with algebraic mul-
tiplicity k, we have
1 <dimE;(A) <k;
that is, the geometric multiplicity of o is bounded above by its algebraic
multiplicity.

PROOF. Let d = dimE,(A), so that E, has a basis {71,...,7;}.
Extend this to a basis B = {#,...,d,} for F", by inductively choos-
ing vectors not in the span of the first d, d + 1, d + 2 and so on. Let
T: F" — F" be the transformation with matrix [T]|; = A relative to
the standard basis. Then its matrix relative to B must reflect the fact
that the first few elements of B are eigenvectors with eigenvalue o
that is, the first d columns of [T| are like those of a diagonal matrix.
We write the matrix in terms of smaller matrix blocks as

[T]B:<U§d g>=;3

where the respective dimensions of ¢lI, C, D ared x d, d x (n —d),
and (n —d) x (n —d). Since B and A are similar by a change-of-basis
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matrix P = Pg_;,
det(AI, — A) = det{P (A, — A)P} = det(AIl, — P"1AP)
= det(Al, — B) = (A — )4 det(AIL D) =: (A —0)%g(A)

where g is a polynomial of degree n — d (note: ¢ may itself contain

n—d

more factors of A — ¢). Therefore the algebraic multiplicity k is at least
d,ie k> dimE;(A).

On the other hand, dim E;(A) > 1because by definition an eigen-
value has at least one nonzero eigenvector. O

We can sum everything up in the following statement: if {(Tj}]s.zl
are the distinct roots of f4, with algebraic multiplicities k;, then

S S
n > Zk]- > EdimEgj(A) > s.
=1 =1

(We have used the last Proposition for the latter two inequalities,
and for the first inequality the fact that f4 is of degree n.) So if f4(A)
has n distinct roots in F, then s = n and the geometric multiplicities
must sum to #; one therefore has an eigenbasis and A is diagonal-
izable. But there are also two ways A can fail to be diagonalizable,
corresponding to the first two inequalities:

(i) not enough(= n) roots (counted with multiplicity), i.e. algebraic
multiplicities do not sum to n;

(ii) even if there are enough roots, if one of the algebraic multiplici-
ties > 1 then the geometric multiplicities can still fail to sum to n.

However, if F = C, then (i) cannot happen due to the following

V.B.8. FACT (Fundamental Theorem of Algebra). A polynomial with
coefficients € C (or R, for that matter) factors linearly over C.

So for A an n x n matrix over C (or R), one always has

5 s
j=1 j=1
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If one wants to factorize f4 only over R, in addition to linear factors
there may also be irreducible quadratic factors.
Now let F = R for the following

V.B.9. EXAMPLE. Take

so that (using Laplace expansion)

fa(A) =det(Al — A) = det -1 A-1 -1
-1 -1 A-1
= A3 —3A2 = A%(A—3).
So A has eigenvalues 0 and 3 with respective algebraic multiplicities

2 and 1. To find the eigenspace dimensions and/or the correspond-
ing eigenvectors one writes® F3(A) =

2 -1 -1 10 -1
ker(3l— A)=ker| -1 2 -1 = ker ( >
01 -1
-1 -1 2 T
row-reduce
which is spanned by the vector ( i ) . Similarly Eyg(A) =
—1 —1
ker(0I — A) = ker(A) = ker (1 1 1) = span 11,10
0 1

So the geometric multiplicities do sum to 3 and you now have all the
tools you need to diagonalize:

3 1 -1 -1
A=S 0 g1 where S = 1 1 0
0 1 0 1

®Note: in the row-reduction I have omitted rows which are zero.
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V.B.10. EXAMPLE. Now let
111
A == 0 O 1 7
0 0O

so that the characteristic polynomial

A-1 -1 —1
det(Al — A) = det A -1 | =A%2(A-1).
A

While (i) from above does not fail (f4 factors over R), (ii) does fail:
110 =
Eo(A) = ker(0I — A) = ker(A) = ker ( . > =span | 1
0

is 1-dimensional. The algebraic multiplicity (= 2) of 0 is greater than
its geometric multiplicity (= 1) as an eigenvalue of A.

V.B.11. EXAMPLE. Here is a case where (i) fails (over R). Let
A ( a —b ) ;
b a

det(A_a A_bd > = (A—a)?>+ 1> =A% —2aA + (a* + 1?)
_C J—

then fa(A) =

has (by the quadratic formula) roots a + bi, where i = y/—1. There
are no real roots and therefore no real eigenvalues for this matrix. A
is diagonalizable over C but not over IR. We will discuss this situa-
tion further in §V.C.

V.B.12. EXAMPLE. If

A=
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is an upper-triangular matrix, then the characteristic polynomial

)\—0(1 —%
det(Al — A) = det =(A—aq)--- (A—ay)
0 A —ay

has the diagonal entries as its roots.

V.B.13. PROPOSITION. The eigenvalues of an upper-triangular matrix
are just the entries on the diagonal. If they are all distinct then A is diago-
nalizable.

It turns out that if the diagonal entries are all the same «, then
A cannot be diagonalizable (unless, of course, the entries “x” are all
zero and A is already the diagonal matrix all,). The proof of this is

part of Exercise (4) below.

Exercises
(1) In each case, find the eigenvalues and eigenvectors of A and di-
agonalize it:

0a=(53), wa= (3 5) mawa- (9 1)

That is, compute S, D, and S~1 and write A = SDS™!. [The
results are used in Exercises (3)-(5) of §V.A.]
(2) For which values of k does

A=

& O O
W O =
o = O

have three distinct eigenvalues? [Hint: graph g(A) = A3 —3A
and find its local extrema.]

(3) Show that
00
10
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cannot be diagonalized. [Hint: what diagonal matrix “would” it
be similar to, if it could be diagonalized?]

(4) Let T be the operator % + % + 1 on P, (=polynomials of de-
gree < n). Can T (i.e., can its matrix with respect to the basis
{1,x,x2,...,x"}) be diagonalized? [Hint: what are the eigenval-
ues of an upper triangular matrix? Now use an argument similar
to that used in Exercise 3.]

(5) Show that

2 0 1
A= -1 0 -1
1 2 2

cannot be diagonalized, by finding the algebraic and geometric
multiplicities of all the eigenvalues. Start with f4(A).
(6) Consider the matrix

1 a b
A=101 ¢
00 2

where g, b, ¢ € R are arbitrary constants. How do the geometric
multiplicities of A = 1 and 2 depend on 4, b, c? When is there an
eigenbasis (of R%) for A?

(7) Let (*) mean “A and B are simultaneously diagonalizable”, i.e.
there is an invertible S such that S~ AS and S~!BS are both di-
agonal.

(a) Show (x) = AB = BA (A and B commute)

(b) Give an example (2 x 2) where AB = BA but (x) fails. [Hint:
use a shear as one matrix.]

(c) Let D be a diagonal n x n with n distinct entries along the di-
agonal. Find all n x n matrices commuting with D.

(d) Using (c), show that if AB = BA and A has n distinct eigen-
values, then (x) holds.



