PROBLEM SET 12

Ris a commutative ring (with 1, as always in this course) throughout, and (in later prob-
lems) K denotes an algebraically closed field containing k. Since these problems cover the
last two weeks of lectures, there are a lot, and I'm not asking you to hand them all in. The
last three ((15)-(17)) are related to the material for the final Wednesday and Friday.

Hand in problems (1)-(7) and (11)-(14). (Make sure you understand the other prob-

lems.)

(1) If every maximal ideal in R is of the form (c), for some ¢ € R with ¢> = ¢, then
R is Noetherian. [Hint: show that every primary ideal is maximal; use Cohen’s
theorem.] o

(2) Show that in Z|[x, y| the ideals (x',1/) are all primary ideals with radical (x, y).

(3) Find a reduced primary decomposition for the ideal I = (x?,xy,2) in Z[x,y] and
determine the (prime) radicals of the primary ideals appearing in this decomposi-
tion.

(4) A prime ideal P C R is called a minimal prime of the ideal I if I C P and there is no
prime ideal P’ such that I C P’ C P. (a) If an ideal I of R is contained in a prime
ideal P of R, show (using Zorn’s lemma) that P contains a minimal prime of I. (b)
Show that every proper ideal has at least one minimal prime. (c) Show that Rad(I)
is the intersection of all the minimal primes of I.

(5) If N is a P-primary submodule of an R-module M and rx € N (r € R, x € M),
show that either r € P or x € N.

(6) If M is an R-module and x € M, the annihilator of x, denoted ann(x), is {r €
R | rx = 0}. (a) Show that ann(x) is an ideal. (b) Assuming M # 0, show that a
maximal element of the set {ann(x) | x € M\{0}} of ideals is prime.

(7) Let R be Noetherian and M # {0} an R-module. If P is prime, of the form ann(x)
for some x € M, then P is called an associated prime1 of M. (a) Using (6)(b), show
that an associated prime exists. (b) If M satisfies the ACC, prove that there exist
primes Py, ..., P,_; and a sequence of submodules M = M; D My D --- D M, =
{0} such that M;/M; 1 = R/P; for each i < r.

(8) Continuing (7), show that the following conditions on r € R are equivalent: (i) for
each x € M there exists n(x) € IN such that r(*)x = 0; (ii) r lies in every associated
prime of M.

(9) Consider the subring Rg := C + C[x,y]x = C[x, xy, xy?,...] of C[x,y]. Show that
Rg is not Noetherian, hence that subrings of Noetherian rings need not be Noe-
therian.

(10) Give an example of a power of a (non-maximal) prime ideal in a Noetherian ring
that is not primary.

(11) Prove that C|[z] is integrally closed (in its fraction field C(z)), i.e. normal. [Hint:
suppose you had a 5 € C(z), P and Q relatively prime in C|[z], integral over C|z].]

IRemark: In the notes, “associated primes {P;} of a reduced primary decomposition” of a submodule
A C B (of an R-module B) were defined in a different way (as the /Q 4, of the primary modules A; whose

intersection is A). With some additional work, one can show that these {P;} are precisely the associated
primes of the R-module B/ A (in the sense of exercises (7)-(8) here).
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(12) In lecture on Monday I will describe normalizing the curve y*> = x> — x? with a

nodal singularity at (0,0) by introducing the function z = . If R = %,
Clxy, :
then let S = (yZ—x3+x2,z[2x—yxﬂ e with the natural map ¢: R — S. Show

(a) that S = C|z] (the coordinate ring of a complex line!).
(b) What geometric map does ¢ correspond to “pulling back functions” along?
Use this to argue that ¢ is injective (or prove this by some other means).

Clxy.z]

= 2= 18 not a domain,

(c) Show (e.g. using Chinese remainder) that T = (

so this can’t be inside R’s field of fractions.

(d) Use problem (1) to show that S is the integral closure of R in its fraction field.
[Hint: don’t make this problem hard. It’s all very simple calculations or trivial
arguments.]

(13) Let R be a Noetherian local ring with maximal ideal m. If the ideal m/ m? in R/m?
is generated by {a; + m2,...,a,+ mz}, show that the ideal m is generated in R by
{a1,...,a,}. [Hint: use Nakayama’s Lemma (i) = (iv).]

(14) Let S be an integral extension ring of R and suppose R and S are domains. Show
that S is a field if and only if R is a field.

(15) If Vi D V, D - - - is a descending chain of k-varieties in K", show that V};, = V};, 11 =
--- for some m. [Hint: you may wish to use the 1-to-1 inclusion-reversing corre-
spondence between radical ideals and varieties, and the Hilbert basis theorem.]

(16) If I, ..., I, are ideals of k[xy, ..., x,], show that V(L N---NIL,) = V() U---U
V(Lpy)and V(L + -+ -+ L) = V(L) N---NV(Iy). [Hint: it may help to use prop-
erties of Rad(-).]

(17) A k-variety V in K" is irreducible provided that whenever V. = W; U W, with each
W; a k-variety in K", either V.= Wj or V = W.

(a) Prove that V is irreducible if and only if J(V) is a prime ideal in k[x1, ..., x,].
(b) Let K = C and S = {x} — 2x3}. Show that V(S) is irreducible as a Q-variety
but not as an R-variety.



