
PROBLEM SET 7

In the four problems (4)-(7) you will prove a special case of the Kronecker-Weber theo-
rem, that every abelian extension of Q is a subfield of a cyclotomic field. The first 3 parts
come from [Jacobson, pp. 276-277].

(1) [Jacobson, p. 300 #1] Show that if E is a finite field and F is a subfield, so that E/F
is a cyclic extension, then the norm homomorphism NE/F of E∗ is surjective on F∗.

(2) [Jacobson, p. 305 #3] Show that if G is a transitive subgroup of Sn containing an
(n − 1)-cycle and a transposition, then G = Sn.

(3) [Jacobson, p. 305 #4] Find GalQ( f ) for f (x) = x6 − 12x4 + 15x3 − 6x2 + 15x + 12.
(4) Suppose f (x) ∈ K[x] (of degree n) has n distinct roots ri in a splitting field. Show

that the discriminant ∆ is equal to (−1)n(n−1)/2 ∏n
i=1 f ′(ri).

(5) Let p be an odd prime. By differentiating xp − 1 = (x − 1)Φp(x), show that the
discriminant of Φp is (−1)p(p−1)/2pp−2.

(6) Show that Q(ζp) has a unique subfield E with [E:Q] = 2, which is real or not
depending on whether p has the form 4n + 1 or 4n + 3.

(7) Prove that for each m ∈ Z\{0}, Q(
√

m) is a subfield of Q(ζ4|m|). [Hint: don’t
forget that Q(ζM) ⊂ Q(ζN) if M | N.]
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