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I.F. Analytic functions

§ Definition and basic properties.

Let U ⊆ C be open, and f ∈ F (U) and C-valued function.

I.F.1. DEFINITION. (i) f is analytic at z0 ∈ U if there exist a real
number r ∈ R>0 and a sequence {an} ⊆ C such that ∑n≥0 an(z− z0)

n

converges absolutely to f (z) for all z ∈ D(z0, r). That is, f is described
by a power series expansion in a neighborhood of z0, or simply “ f has a
power series expansion at z0”.

(ii) f is analytic on U (written f ∈ An(U)) if f is analytic at every
z0 ∈ U.

We can also define analyticity on an arbitrary set S ⊆ C. A given
f ∈ F (S) is “analytic on S” if there is an open set U ⊆ C which
contains S and F ∈ An(U) such that f ≡ F|S. In other words, f must
extend to an analytic function on an open set containing S.

As you would expect, An(U) is a C-algebra:

I.F.2. PROPOSITION. Given f , g ∈ An(U), we have f + g, f g, α f ∈
An(U) and f /g ∈ An(U \ {g = 0}).

PROOF. Given z0 ∈ U, f and g are represented (on D(z0, r)) by ηr

of two formal power series, for some sufficiently small r > 0. (Here
we modify ηr to send T %→ z − z0.) The formal sum and product
converge on the same disk, to f + g and f g. Assuming that g(z0) ∕= 0
(equivalently ord(g(T)) = 0), the formal quotient converges on a
possibly smaller disk to f /g. See Theorem I.D.23(ii) and Proposition
I.D.26. That we can do this at each z0 ∈ U ensures that f + g, f g, f /g
are analytic where they are defined. □

I.F.3. PROPOSITION. f ∈ An(U), g ∈ An(V), g(V) ⊂ U =⇒
f ◦ g ∈ An(V).

PROOF. Similar argument, using Proposition I.D.27. □
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§ Relation to power series.

I.F.4. THEOREM. Given a formal power series f (T) ∈ Pr, the func-
tion f (z) := ηr( f (T)) belongs to An(Dr).

PROOF. We know that f (z) ∈ C0(Dr) from Chapter I.D. It re-
mains to show that f is analytic at any z0 ∈ Dr.

Take s < r − |z0|, so that D(z0, s) ⊆ Dr

as in the picture. For z ∈ D(z0, s), by as-
sumption we have

f (z) = ∑
n≥0

anzn,

which upon rewriting z = z0 + (z − z0)

and expanding becomes

∑
n≥0

an

n

∑
k=0

!
n
k

"
zn−k

0 (z − z0)
k.

Dr

0
z

z0

sD(z0, s)

r

The whole double sum converges absolutely since

∑
n≥0

|an|
n

∑
k=0

!
n
k

"
|z0|n−k|z − z0|k = ∑

n≥0
|an| (|z0|+ |z − z0|)n

≤ ∑
n≥0

|an|(|z0|+ s)n

converges. (This is by hypothesis, since f ∈ Pr and |z0| + s < r.)
Switching order of summation is therefore permissible, and yields

f (z) = ∑
k≥0

#

∑
n≥k

an

!
n
k

"
zn−k

0

$
(z − z0)

k,

the desired power series representation of f (z) on D(z0, s). □

This establishes that ηr as defined in Chapter I.D factors through
An(Dr). We accordingly replace the codomain and write henceforth

ηr : Pr → An(Dr).
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§ Zeroes of analytic functions.

I.F.5. THEOREM. Assume f , g ∈ An(U) with U connected open. If
the set acc{z ∈ U | f (z) = g(z)} is nonempty, then f ≡ g on U.

PROOF. From the last proof, if the (unique) power series repre-
senting a function F at z0 has radius of convergence rF(z0) < ∞,
then the radius rF(z1) for z1 near to z0 cannot be very different.

z0
z1

Indeed, the argument shows that if F is represented by a power se-
ries (about z0) on the green disk of radius r, then it is represented by
a power series about z1 on a disk of radius at least r − |z0 − z1|.18 So

rF(z0)− rF(z1) ≤ |z0 − z1|

and as the argument is clearly symmetric,

|rF(z0)− rF(z1)| ≤ |z0 − z1|.

Hence the “radius of convergence function”

rF : U → R>0 ∪ {∞}

is either a positive continuous function or everywhere infinity.
Let z0 ∈ acc{z ∈ U | f (z) = g(z)}, write F = f − g, and let u ∈ U

be arbitrary. We want to show F(u) = 0. Because U is connected,
there is a path γ from z0 to u. Since γ is compact and rF is continuous,

18The argument allows any radius s < r − |z0 − z1|, but then we can take “=”
since radius of convergence is always the least upper bound of the set of radii of
convergence disks.
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the restriction rF|γ attains a minimum value19 b ∈ R>0, i.e.

rF(z) ≥ b (> 0) for every z ∈ γ.

Let ν < b
2 and take z1, z2, z3, . . . within ν of each other. The neighbor-

hoods of convergence about each zi therefore contain zi+1, zi−1.

Uz0
z1

z2

uγ

Recall that in the situation where F is represented by power series at
z0 with z0 ∈ acc{z | F(z) = 0}, that power series is identically zero
(see Theorem I.D.23(iii)). This implies

F ≡ 0 on D(z0, b).

Since z1 ∈ D(z0, b), we have z1 ∈ acc{z | F(z) = 0}, which gives

F ≡ 0 on D(z1, b).

This contains z2; continuing the argument, we find F(u) = 0 as de-
sired. □

I.F.6. COROLLARY. If U is connected open, f ∈ An(U) is not identi-
cally zero, and K ⊂ U is compact, then f has only finitely many zeroes in
K.

PROOF. If f has infinitely many roots in K, they have a limit point
in K (hence in U) by compactness (Theorem I.C.15). Applying Theo-
rem I.F.5 with g the zero function yields a contradiction. □

19This is just a slight variation on Theorem I.C.18.
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§ Relation with complex differentiability.

The key result of this section is that analytic functions are holo-
morphic — in fact, infinitely complex differentiable. I want to put
this in a broader context involving formal differentiation

D : C[[T]] → C[[T]]

∑
n≥0

anTn %→ ∑
n≥1

nanTn−1

of formal power series. We denote the set of holomorphic functions
on a region U by Hol(U).

I.F.7. THEOREM. Let f (T) ∈ Pr ⊂ C[[T]], with

ηr( f (T)) =: f (z) ∈ An(Dr);

then
(a) D f has radius of convergence r, and
(b) d f

dz (z) exists and equals ηr((D f )(T)).
Conclude that:

(c) Pr is closed under D; and
(d) An(U) ⊆ Hol(U), for any region U.

PROOF. (a) Since the radius of convergence of f (T) is at least r,
we have20 lim sup |nan|1/n = lim n1/n · lim sup |an|1/n ≤ 1

r . This
shows that (D f )(T) ∈ Pr as desired. This also proves (c), which
is simply the statement that f ∈ Pr =⇒ D f ∈ Pr. [N.B.: to show
that limn→∞ n1/n = 1, you can either take log and invoke L’Hôpital,
or (to avoid such things) you may write

n = (1 + (n1/n − 1))n > 1 +
!

n
2

"
(n1/n − 1)2

=⇒ ✘✘✘✘✿1n − 1 >
n✘✘✘✘(n − 1)

2
(n1/n − 1)2 =⇒

%
2
n
> n1/n − 1 > 0

and apply the squeeze lemma.]

20It should be |nan|
1

n−1 ; except one can multiply D f by T, and this of course con-
verges wherever D f does.
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(b) Recall that f is complex-differentiable at z with derivative α if

(I.F.8) lim
h→0

&&&&
f (z + h)− f (z)

h
− α

&&&& = 0.

Take δ < r − |z| and |h| < δ as shown in the picture:

Dr

0
z+hz

δ

then

f (z + h)− f (z) = ∑
n≥0

an((z + h)n − zn)

=
'
∑ nanzn−1

(
h +

)
∑ anPn(z, h)

*
h2

where

|Pn(z, h)| =
&&&&&

n

∑
k=2

!
n
k

"
hk−2zn−k

&&&&& ≤
n

∑
k=2

!
n
k

"
|h|k−2|z|n−k.

Reindexing by ℓ = k − 2 and using

n!
k!(n−k)! = n(n − 1) (n−2)!

(ℓ+2)!(n−2−ℓ)! ≤ n(n − 1) (n−2)!
ℓ!(n−2−ℓ)! ,

this becomes

|Pn(z, h)| ≤ n(n − 1)
n−2

∑
ℓ=0

!
n − 2
ℓ

"
δℓ|z|n−ℓ−2

= n(n − 1)(|z|+ δ)n−2 = n(n − 1)rn−2
0 ,

where r0 := |z|+ δ < r. Hence,
&&&&

f (z + h)− f (z)
h

− (D f )(z)
&&&& =

&&&&&
f (z + h)− f (z)

h
− ∑

n≥1
nanzn−1

&&&&&

=
&&h ∑ anPn(z, h)

&&

≤ |h|∑ |an|n(n − 1)rn−2
0

where the last sum is convergent since r0 < r and (n(n− 1))1/n → 1.
Taking h → 0 now gives (I.F.8) with α = (D f )(z).
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(d) Let an analytic function f ∈ An(U) be given. For any point
z0 ∈ U, f is represented by a power series on some disk in U about
z0. By (b), f ′ exists on that neighborhood (and is represented by
η((D f )(T))). So f ′ exists everywhere on U. □

I.F.9. COROLLARY. (a) Let f ∈ An(U); then f is infinitely complex-
differentiable on U.

(b) Let f ∈ An(Dr) be given as ηr( f (T)). Then:

(i) f (k)(z) = η(Dk f (T)) = k!ak + hk(z), where hk ∈ An(Dr) with
hk(0) = 0. So f (k)(0) = k!ak.

(ii) f has a primitive on Dr (i.e. F satisfying F′ = f ),

F = ∑
n≥0

an

n + 1
zn+1(+constant) ∈ An(Dr).

PROOF. (a) About each point f is represented by power series;
and we just showed f ′ is represented by the formal derivative (in some
neighborhood), hence is analytic itself. Therefore we may repeat the
process indefinitely.

Part (i) of (b) is an immediate consequence of (a). Part (ii) fol-
lows from the Theorem and the fact that F has the same radius of
convergence as f . □

I.F.10. COROLLARY. Suppose f ∈ An(U) with | f | constant, Re( f )
constant, Im( f ) constant, or f ′ ≡ 0. Then f is constant.

PROOF. We know that f is holomorphic, and so if f ′ ≡ 0 [resp. | f |
constant] the result follows from Prop. I.B.24 [resp. I.B Exercise (5)].
Now write f = u + iv. If Re( f ) = u is constant, then ux = uy = 0,
and by the Cauchy-Riemann equations vx = vy = 0 =⇒ v =

constant. The remaining case is similar. □
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§ Examples: exp and log.

Recall that we have holomorphic functions (z = x + iy)

exp(z) := ex cos(y) + iex sin(y) ∈ Hol(C)

log(z) := log |z|+ i arg(z) ∈ Hol(C \ R≤0),

which was proved by checking the Cauchy-Riemann equations.
Next write f (T) := log(1 − T) = −∑n≥1

Tn

n ,

+exp(z) := η∞

#

∑
n≥0

Tn

n!

$
= η∞(exp(T)) ∈ An(C), and

,log(1 − z) := η1( f (T)) ∈ An(D1);

we also had

cos(z) := η∞(C(T)) = η∞

#

∑
k≥0

(−1)kT2k

(2k)!

$
∈ An(C) and

sin(z) := η∞(S(T)) = η∞

#

∑
l≥0

(−1)lT2l+1

(2l + 1)!

$
∈ An(C).

The formal relation

exp(iT) = C(T) + iS(T)

implies
+exp(iy) = cos(y) + i sin(y) = exp(iy).

for y ∈ R. By Calculus, we also have +exp(x) = exp(x) for x ∈ R.
Now in C[[T]], for any γ1, γ2 ∈ C

exp((γ1 + γ2)T) = ∑
n≥0

(γ1T + γ2T)n

n!

= ∑
n≥0

n

∑
k=0

(γ1T)k(γ2T)n−k

k!(n − k)!

=

#

∑
k≥0

(γ1T)k

k!

$#

∑
l≥0

(γ2T)l

l!

$

= exp(γ1T) exp(γ2T)
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which applying η∞ on both sides

=⇒ +exp((γ1 + γ2)z) = +exp(γ1z)+exp(γ2z)
z=1
=⇒ +exp(γ1 + γ2) = +exp(γ1)+exp(γ2)

=⇒ +exp(z) = +exp(x)+exp(iy) = exp(x) exp(iy) = exp(z),

proving

(I.F.11) exp(z) ∈ An(C).

To do the same for log, by Calculus we know that

,log(1 − z) = log(1 − z) for z = x ∈ (−1, 1) real.

Furthermore, exp(log(1− x)) = 1− x there, and so the formal power
series

(I.F.12) (exp ◦ f )(T)− 1 + T

is sent by η to a function on D1 which is identically zero on (−1, 1).
Since 0 ∈ acc{(−1, 1)}, we have from Theorem I.D.23 that (I.F.12) is
the zero power series, and so

exp(,log(1 − z)) = 1 − z on D1.

We can repeat this (how?) for ,log ◦ exp on some sufficiently small
disk, and so

,log(z) = ,log(|z| exp(i arg z))

= ,log(exp(log |z|+ i arg z))

= log |z|+ i arg(z)

= log(z)

on some neighborhood of z = 1. Hence this is true on all of D(1, 1),
as both functions are defined and have complex derivative 1

z there
(and one can apply Prop. I.B.24).
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0 1

z0 D(1, 1)

D(z0, |z0|)

We can do the same thing for log(z) on any disk D(z0, |z0|) in
C \ R≤0; if the center is z0, write

1
z
=

1
z0

1 + z−z0
z0

=
1
z0

#
1 − 1

z0
(z − z0) +

1
z2

0
(z − z0)

2 + · · ·
$

integrate, and add log(z0) as constant. If z0 ∈ D(1, 1), we have that

the resulting ,,log(z) agrees with ,log(z) at z0 and has the same de-
rivative 1

z , hence by the above properties of analytic functions must
agree on D(1, 1) ∩ D(z0, |z0|). In this way one shows that

(I.F.13) log(z) ∈ An(C \ R≤0).

Finally, from

exp(log αβ − log α − log β) =
exp(log αβ)

exp(log α) exp(log β)
=

αβ

α · β
= 1

we get
log(αβ) ≡ log α + log β (mod 2πiZ).

Out of this, we can produce even more analytic functions:

I.F.14. EXAMPLE. By composing analytic functions,

zα := exp(α log(z)) ∈ An(C \ R≤0).

Here, R≤0 can be replaced by any slit going from 0 to ∞, e.g. R≥0.
Alternatively, instead of deleting the slit, you can think of zα as being
ambiguous by {exp(2πiαZ)}, which consists of finitely many values
if and only if α ∈ Q (see the discussion of Riemann surfaces below).
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I.F.15. EXAMPLE. Since cos(z) and sin(z) belong to An(C) by
construction, any identity which is true on the level of power series
holds also for the functions — in particular,

cos(z) = 1
2(exp(iz) + exp(−iz)).

Writing w := cos(z) and ε = exp(iz), this reads

2w = ε + ε−1 =⇒ 0 = ε2 − 2wε + 1

=⇒ ε =
2w ±

√
4w2 − 4
2

= w ±
-

w2 − 1

=⇒ arccos(w) = z = −i log(ε)

= −i log
'

w ±
-

w2 − 1
(

.

Choosing the “+” branch, w +
√

w2 − 1
is an analytic function on the region

C \ (R≤−1 ∪ R≥1)

because
√

u = u1/2 is of the form in the
previous example, and w2 − 1 maps this

1−1

region into C \ R≥0. Furthermore, considering the equations

w +
-

w2 − 1 = r ∈ R =⇒
-

w2 − 1 = r − w =⇒

#
#w2 − 1 = r2 − 2rw +#

#w2 =⇒

w =
r2 + 1

2r
=

1
2
(r−1 + r) ∈ R≥1 ∪ R≤−1 ∪ {∞}

we see that w +
√

w2 − 1 maps the region C \ (R≤−1 ∪ R≥1) into
C \ R — in fact, into H — where we can also define log(·) as an
analytic function. It follows that the composition is analytic:

arccos(w) ∈ An(C \ (R≤−1 ∪ R≥1)).

I.F.16. REMARK. We have to do this all by hand, in the absence of
something like the inverse mapping theorem (which wouldn’t give
us analyticity of arccos on more than a disk anyway!).
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§ An overview of Riemann surfaces.

Let’s have another look at the zα example — taking (say) α = 1
3 .

As alluded to above, if we keep pasting power-series together along
overlaps of neighborhoods arranged around the origin,

0 Start

we quickly run into "multivalued" behavior in the functions con-
structed from log. So the question arises as to what the “existence
domain” of a multivalued function over an open set in C (i.e. the
minimal "cover" of U making the function single-valued) looks like.
The resulting “complex 1-manifolds” are called Riemann Surfaces.

I.F.17. EXAMPLE. Let’s visualize the “Riemann surface of (w=) z
1
3

over the unit disk”. This is some object fitting (as “{z=w3}”) into the
following picture:

1

2

3

e

e
i

2π
3

i

4π
3

1

{z=w }3

π

112
3

w−disk

z−disk
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To construct it, think about following z
1
3 around the disk once coun-

terclockwise: when you reach your starting point the function has
become e

2πi
3 times the branch of z

1
3 you started with; going around

once more, you get e
4πi

3 z
1
3 ; and one more time gets you back to your

original branch.
So taking three unit disks, slitting them along the positive reals,

and gluing them as indicated

I II III

"e   z  ""e   z  ""z  "
1/3 1/3 1/3

3

4πι2πι
3

we get the “cyclic parking lot”

π

z−disk

{z=w }3

(The green segments are glued but, alas, I can’t draw in 4 dimen-
sions.) An easier way to visualize this Riemann surface is more tau-
tological: it’s just the w-disk. The difficulty is in seeing the w-disk
“over” the z-disk.
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I.F.18. EXAMPLE. Next, let’s construct an existence domain for

F(z) =
.
(z − a)(z − b)(z − c)

over Ĉ (or C \ {a, b, c} if you prefer). In a neighborhood of z0 = a, b, c
this looks like the “Riemann surface of (z − z0)

1
2 over a disk”, which

is the same as the construction we just did except with 2 unit disks
instead of 3. Indeed, going once around a, b, or c takes F %→ −F; and
furthermore, because the degree of the polynomial under the square
root is odd, going once around ∞ does the same thing. Since

a b is equivalent to a b

going around two points at once gives no change. So taking two Ĉ’s
and cutting and pasting them as indicated on the next slide, we end
up with a manifold of genus 1 on which F becomes well-defined:

α

α

β

β

β

a

b
c

a

b

c

c c

b b

a a

8

8

8 8

"+  f " "−  f "

"open" the
cuts and

join

α

β

P
1

In the picture, α and β are called 1-cycles; they are just there to make
the topology clear. The same construction works if we replace F(z)
by

-
(z − a)(z − b)(z − c)(z − d), with d replacing ∞.
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See [Ahlfors] for more examples of existence domains/Riemann
surfaces:

• log(z) (∞ level parking lot)
• arccos(z) (more complicated).

Exercises
(1) For any positive integer k, find a nontrivial formal power series

satisfying the Bessel equation {T2D2 +TD+(T2 − k2)} f (T) = 0,
where D is the the formal differentiation operator. (Take the first
nonvanishing term to be Tk

k!2k .) What is its radius of convergence?
Conclude that η of your formal power series is an analytic solu-
tion to the corresponding ordinary differential equation.

(2) Suppose that21 f ∈ ηr(Pr) ⊆ An(Dr) with r > 1. Show that
there exists C > 0 such that | f (n)(0)| ≤ C · n! (∀n).

(3) Determine all values of 2i and ii.
(4) Find the real and imaginary parts of (a) zz and (b) cos(x + iy)

[use addition formulas].
(5) Describe the Riemann surface associated to z = 1

2(w+ 1
w ) (i.e. the

existence domain of w(z)).
(6) Find open sets where (a)

√
1 + z +

√
1 − z and (b) log(log(z)) are

analytic.
(7) Express arctan in terms of log (refer to the treatment of arccos

above) and write down a maximal set where it is analytic.
(8) Let f (z) = z − z3

3 + z5

5 − z7

7 + · · · . Show that f ′(z) = 1
z2+1 , and

conclude that f represents arctan on the unit disk.

21We do not yet know, although this will turn out to be true, that all of An(Dr) is
in the image of ηr.


