II. Complex Integration

II.LA. Contour integrals

§ Paths.

Let S C C be a subset. In this section we explain
A (parametrized) path in S is a continuous (class C% map

v :la,b] — S.

‘“" 7

Context will dictate whether “+” refers to the path or its image.
A partition IT of [, ] is a finite set {fo, ..., t,} C R with

a=thy<thh < ---<t,=b

set |II| := sup, |t; — t;_1|. The path 7 is rectifiable if its length

n
(ILA.T1) L(y) := llﬁb ; | v(#) —V'y(ti_l) | is finite.
=:(A7)i

Equivalently, we require that

lub )iy [Re(7y(ti)) — Re(7y(ti-1))

(IL.A.2)
tub Yy [Tm(y (%)) — Tm(y(ti-1))

are both finite.

Since <y is compact, one also has directly

Ay < [ flil = fim S Flr(t) | (A7)

|TT|—0 i—1
is defined for every f € C°(S),
n
and (ILA2) <= / fdz == lim Y f(v(t)) (A7);
Y IT1|—0.=
is defined for every f € C%(S).
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104 II. COMPLEX INTEGRATION

So we get two notions of integral for any continuous function f on
any rectifiable path . We will mainly use | y f dz, called a contour
integral (or line integral); whereas | y f|dz| is the contour integral
with respect to arclength and is mainly applied to | f| (rather than f) in
bounding arguments.

Next, a (parametrized) curve in C is a continuously differentiable
(class C') map v: [a,b] — C. It is sometimes called regular if the
derivative is nowhere vanishing. To define the derivative, we can
either write

v(t) = x(t) +iy(t) ~ 2/ (t) ="(t) +iy'(¢)

or
LR ()
1 =: 7' (1).
lim ’ 7 (t)
This satisfies chain rules for compositions of the form

ed % (a,6) 55 and [a,b] 55 c.

For the second type of composition,!

d of —
« FECHS) = (fo) = fud + iy = &' + &7
o feHH(S) = (foy) =(foy) 7.
A C!path (in S) y={71,...,7x} is a collection of curves

satisfying ;1(aj41) = 7j(bj) (for j = 1,...,n —1). These are the
objects over which we shall be interested in integrating. By com-
pactness of each of these subintervals, 9/ is bounded; and so

yisaCl path = 1 isrectifiable.

II.LA.3. EXAMPLE. Suppose 7,¥: [—€,€] — D are curves with
v(0) = 0 = 4(0) and 9/(0),4'(0) # 0. Let a function f € Fo# (D)

IMinor technical point: since we are not assuming S C C is open, f € C!(S)
[resp. #£(S)] means that there is some open set U 2 S to which f has a C!
[resp. holomorphic] extension.
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with f/(0) # 0be given. Then f oy and f o '7 are also curves and
(fo7)'(0) _ f£4017'(0
(for)'(0) — f4o7y'(0 -
arg 7' (0 )—argv( ) Zarg(fov) (0 )—arg(fov)’( )

expresses conformality of f. On the other hand, if (say) f(z) =

and (t) = t, 5(t) = €, then (fo)(u'/3) = u, (fo ’7)(u1/3) _
ey and you get a picture like 3
fo

% f
7@ - (130
v fov

which reiterates the point that conformality is only true of holomor-

phic functions where their derivatives don’t vanish.

Finally, we’ll need some terminology related to global behavior
of paths:
e yisclosed <= 7(a) = (b); and
e yissimple < < is1-to-1.

I.A.4. JORDAN CURVE THEOREM. If a path -y is simple and closed,
then C \ 7y has two connected components.
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§ Integration.
We now turn to a more convenient definition of the contour inte-

gral along a C! path. Begin with a complex-valued C° function on a
closed interval

G
S —3 — s
a = to tl tr cee tN_l tN =b (continuous)

written G(t) = U(t) + 1V (t). Its integral

b b b
/Gdt::/ udt+i/ Vdt
a a a

can be expressed as a limit

—a N-1 ( )
lim —— G(tg
Noo N k=0

where t, = a + k’5%. We can bound it by

/bGdt — 1im 26|
a N ¢

N—oo

b—a
< lim ——
lim N Z]G(tk)\

" N—o

b
:/ IG|dt.
a

Things like integration by parts, the fundamental theorem of calcu-

lus, and (complex-)linearity hold as usual.

Now let S C C be a subset.

II.A.5. DEFINITION. For any C! path ¥ = ¥_1; in S and any func-
tion f € C°(S),

b;
[z =¥ [ f@az = ¥ [ rentaiar
Y i Yi i a;

The scenario is depicted on the next page.
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II.A.6. REMARKS.

(i) This agrees with the earlier definition for rectifiable . (Why?)

(i) [ (af +Bg)dz=u [ fdz+p [ gdz.

(iii) “—;” denotes the curve parametrized “with the opposite ori-
entation” (i.e. backwards):

fdz=— [ fdz.
—7i 7i

(iv) Independence of parametrization: suppose two parametrizations

of the same curve (with the same orientation) are given, viz.

— v A
b \—>

at/ﬁ%vo’r — C

3 % \j
c d

Then the substitution t = ¢(u) yields
b d

fr®» ) de= | flr(())y (@)’ (u) du

d

= | f(y(@))¥' () du.

c

a
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(v) Bounding integrals: put
b;
L = L i) = 1/ t)|dt = d ,
(0= L) =L [ ot = | 1ae
where we note that |y/| is given by /(x})? + (y%)?; then
b;
[ s@a| < x| [ o]
Y i aji
<X [ o)l
_iwf% Vi

<Iflly
(ILA.7) < Iflly 2o Llvi) = [ 1,L(7)

(vi) Fundamental Theorem of Calculus (FTC): If f € C%(S) has prim-
itive F € #0£(S) (i.e. F' = f) then

b; b;
[ f@az=% [" fumita =¥ [ oy
Y i Jai i YA
= Z(F(%(bz’)) — F(vi(ai)))

= F(B) — F(A),

where the last step is a collapsing sum.

(vii) Integration by parts: Now, if g € C1(S) (and v C S, f € C%(S))
there’s nothing preventing us from defining | ., fdg. Here you
need to think of

9 d 9 9
@:%M+£@:£@+£@

and

dz = «/(t)dt dx = Re?/(t) dt
' dy = Im/(t) dt
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This gives, assuming v is a curve,
_ b g ag,—
[ sdg= [ saon {Erve) + 7w }a
= [ Fri (VR tr (), 4 ),

where the angle brackets denote dot product. Assuming both f
and g are C1,

Agdfzfgli—ﬁfdg;

the proof is left to you.

I.A.8. EXAMPLE. We show how to compute

A. li 1 dz =
(ILA.9) lim oD, og(z)dz =0

via the bound (II.A.7), where log(z) denotes the branch of logarithm
with —7r < arg < 7. This has to be interpreted in the right way: [} D.
is a limit of integrals over curves y: [+ J, T — J] — C given by
t — eet, as these avoid the branch cut. In any case the bound is

| 10g(z)dz| < |[10g(z) an,L (D)

< (|log(e)| + )27,

and since elog(e) — 0 we get (ILA.9).
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§ Loop integrals.

A loop is a closed path.

I1.A.10. PROPOSITION. Given U C C a region, and f € C°(U), the
following are equivalent:
(1) f has a holomorphic primitive on U (i.e. IF € Hol(U) s.t. F' = f);
(2) fj f dz is independent of path (V¥ A, B € U),; and
(3) [, fdz=0(YC" loops y C U).

IILA.11. REMARK. It’s sort of amazing that you only need to as-
sume f € CO(U) to get (3) = (1).

PROOF. (3) = (2): Referring to the picture,

1

Corner 17

T2

Delmar

since v := y2 — 1 is a loop, (3) gives

O:Lfdz:LZfdz—Llfdz.

(2) = (3): Break a given loop into 72 — 1, use independence of
path to get [, fdz.

(1) = (2): use the FTC.

(2) = (1): This is the nontrivial bit. Fix zy € U and define

F(z) := /Z:f(w)dw ::[yf(w)dw

for any <y connecting zy to z. By (2), the choice doesn’t matter, and so
F is well-defined; while as U is connected, F is defined on all of U.
To show that F is holomorphic with F/ = f, we must prove that

F(z+h) — F(2)
R

(ILA.12) lim
h—0
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for any fixed z. By (2),

F(z+h) — / fdz—/fdz—/ fdz,

where the integral from z to z + h is taken along a line segment /j,.
(Since U is open, we can take h sufficiently small that this is possi-
ble.) We may also write f(w) = f(z) + e(w) with limy_,, e(w) = 0,
because f € C°(U). Putting these together, we have

F h) — F z+h
EXNEE o) = |2 [ ) - 1)
_ /Z+h P (Z) N % /Z-Féi(w) dw‘
= E/ e(w) dw‘
1
< E‘ L(ty)|le(w)llg, = lle(w)]lg, — 0
as h — 0, which yields (IL.A.12). O]

II.A.13. BASIC EXAMPLES. Here are some functions with holo-
morphic primitive:
e onC: z" (n > 0), €%, sinz, cosz
e on C*: z"" (n < —-2)
e on D,: any function given by a power series at 0 w/ radius of

convergence r

All have trivial loop-integrals about the origin.

II.A.14. BASIC NON-EXAMPLE. Consider f(z) = z, and the three
paths ;: [0,1] — C defined by

(D) = ¢ 1+i=8B
T2(t) =1+ it & 72
wh)=0+it 1

T
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1

Now f%idz fo ()i (H)dt, so
1

/ p /1 i t2
zdz= [ t-ldt= | =
M 20y 2
/ / (1—it) - 1dt—1/ dt+/ tdt = 1+1
72 2
/ :/ (1—i)t-(1+1i) dt—2/ pdt = 2]} =1

1 1
/ Zdz:/fdz+ Zdz:—+(—+i>:1+i
T+72 71 72 2 2

7é1:/ zdz.
3

We conclude with a preliminary result on loop integrals on a
punctured disk D;. To prove it, we’ll need the following:

IL.LA.15. LEMMA. Let S C C be any subset, v a path in S, and { fi }
a sequence of functions in C°(S). If Y5, fx converges uniformly on S, or
even just on 7y, then

¥ ([ aa) = [ (:_io fk) i

PROOF. We have
k:io/vfkdz—/yfdz = L(ké)fk>dz_/yfdz

()

n—o0
— 0

Y

since the series converges uniformly on 7. O
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II.A.16. PROPOSITION. Let f be given on S := D, \ {0} by the Lau-
rent series

a_m a_1 o=k
z)i=) — 4+ — axz",
(f2):=) o+ +Z+k;0k
where the radius of convergence of the power series part is > r. Then

dz = 27mia_;.
aD,f(Z)Z mTia_q

PROOF. The power series part converges uniformly on D, to a
continuous function, so (writing v = 9dD;)

/ Y qfdz =Y ak/ Zfdz =0
T k=0 k=0 77

since 7 is closed and zF has primitive ‘;'(k% on Dyye. Form # —1,
the other integrals are also 0; but (parametrizing 0D, by z = (t) :=
re?™t t € [0,1])

1 L | . 1
/ —dz = / 5 2mire?™dt = Zni/ dt = 27ri. n

Exercises

(1) Find f| 2|y x dz, where the circle is traversed counterclockwise.
(Here x = Re(z).)

(2) Let U C C be open, f € #£(U), and 7 a closed C! path in U.
Show that | y f(z)f'(z) dz is purely imaginary. (You may assume
f is continuous.)

(3) Compute f|z|:1 |z — 1] |dz|.

(4) If P(z) is a polynomial and C denotes the circle |z — a| = R, find
the value of [ P(z)dz.

(5) Let 0 be a vertical segment, parametrized by o(t) = zy + itc,
t € [—1,1], where z is a fixed complex number, and c is a fixed
positive real number. Let &« = zp+ x and &’ = zy — x, where
x € Ry. Find lim,_,¢ [ (ﬁ — ) dz.

z—a!

(6) Integrate /z along the upper unit semicircle, oriented counter-
clockwise, in two different ways: (a) by the definition; and (b)
using a primitive for v/zon C \ {ir | r < 0}.



