120 II. COMPLEX INTEGRATION
II.C. Cauchy’s Theorem (part 1)

§ Local Cauchy theorem.

In the last chapter, we proved that for a disk D

f € #ot(D B
(ILC.1) e loop} / Fdz=0

What follows is a refinement of this result.

I.C.2. LEMMA. Let R C C be a closed rectangle, z, .. .,z, € R, and
f e Hot(R\{z1,...,2zn}) satisfy

lim (z — z;) f(z) = 0 (V)).

Z—>Z]

Then faR z)dz = 0.

PROOF. Let € > 0 be given, and take ¢ sufficiently small that
z-zl < V28 = |z-z)f(2)| < .

Let R; be a square centered at z; of side length 24, and decompose R
into sub-rectangles (not necessarily of the same size) including these.

By Goursat’s theorem, the integrals over the boundaries of rect-
angles not containing a z; are zero, and thus

dz| = / d
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Since € was arbitrary, the integral is zero. [
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Writing D = D(zo,r) and U = D \ {z3,...,z,}, we then have the

I1.C.3. THEOREM. Suppose f € Fot(U) has im- - (z — zj) f(z) =
0 for each j. Then for every closed C path oy C U, we have fﬁr f(z)dz=0.

PROOF. As in the proof of Prop. I1.B.4, construct a primitive for f
on U: givenz € U, let

for any choice of Z within the (closed) dashed box, subject only to the
condition that the path avoid all the {z;} ;. The difference between
any two choices consists of a sum of boundaries of boxes (chosen to
avoid {zj};f’:l). By the Lemma,

F(z) := . f(z)dz

is well-defined. Once again, one shows it is holomorphic (with de-
rivative f) by computing

F(z+h) - F(z) = Z/ale(w)dw + /gh F(w)dw

and the proof proceeds as before. [
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§ Homotopy Cauchy theorem.

Let U C Cbeanopenset,andy C Ua co path:ie, y: [a,b] - U
is of class C°. For each z € U, 3 € > 0 such that D(z,¢) C U. Hence
d(z,U°) := infyeye |z — w| > 0 defines a (continuous!) function

d:U—>R+.

Since [a,b] is compact, d o ¢ (also continuous!) achieves its greatest
lower bound; call it r. This r is a value taken by d o <y, hence lies in R,
with the consequence that

(II.C.4) D(v(t),r) C U for every t € [a,b].

Compactness of [4, b] also tells us that vy is uniformly continuous, i.e.
given e € (0,5), 3 6 > O such that for any s, t € [a, D]

s—t <6 = |y(s) —y(t)| <e.

Letll = {a =1ty <t < --- < ty = b} be a partition of [a,b] with
|t — ti_1| < & (Vi). Writing I; = [t;, t; 1], we have

v(Ii) € D(7(ti),e) = D; C U.
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Now keep in mind that v is C%, and is not even assumed rectifiable.

II.C.5. DEFINITION. Given f € Hol(U), let

e I be a partition of [4, b] into intervals I;,
e D; C U be open disks with (I;) C D;, and
e F; € #v¢(D;) be primitives of f|p, (which exist by (IL.C.1)).

and set

N-1
1.C6) | @z = ¥ (Fr (i) = By (4)
v i=0
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Notice that this is a new definition of the integral, so two questions
immediately arise:

If «y is rectifiable, does (I1.C.6) give the right answer?

Yes: this is essentially the fundamental theorem of calculus. Refer-
ring to the beginning of Chapter II.A for the definition of the integral
for rectifiable paths, it suffices to check the case where U is a disk and
F a global primitive:

lim 1} f(v(t:)(Ay)i — (F(B) — F(A))

ITI[—0 |5
< Jim T 1FCr (1)) (47); = (F(tia) — (1)
= lim ¥ 1(A7)ied =0,

1

where (Av); := v(tip1) — v(ti), F(tip1) — F(ti) = (A7)i(f () + &),

and ¢; — 0 with |II| (uniformly in 7).

If oy isn’t rectifiable,® is (IL.C.6) well-defined?

Yes again! Here is a sketch of the argument:

e Independence of choice of the local primitives {F;} is trivial.

e Independence of choice of the {D;} is too (if the {I;} are fixed).

e The issue is what happens when there are two different partitions
IT,IT. Since any two have a common refinement, we must check

that (IL.C.6) is invariant under refinement. We can do this on one
interval I; and choose any D, F we like:

cC L \9 _{(&; H\
HA&'«\ (L
&y XL‘-':]

here we just take D, F to be D;, F; for both [t;,c] and [c, t;11], sO
(I.C.6) doesn’t change.

®For instance, y(t) = t + it sin(1),t € [0,1].
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II.C.7. DEFINITION. Paths v,#: [4,b] — U are close together if
there exist a partition IT of [, b] and disks D; C U such that

v(1i),n(l;) C Dj (Vi).

In the free abelian group on points of C, write

oy := [v(b)] — [7(a)].
Thisis 0 <= <y is closed.

II.C.8. LEMMA. Let v, C U be close together, with 0y = dy, and

f € Hot(U). Then
/Wfdz = /dez

PROOF. CASE 1: 97, 9 # 0. This forces 7y and 7 to have the same
starting point and same ending point. Referring to the figure,

= Y {[E(r(te2)) — F(r(t))] — [Fn(t42)) — F((8:)])

= 2{[F (tiv1)) — E(n(tiv1))] — [E(v(t)) — E(n ()]}

At this point it is harmless to change the first two F’s to F;1, as F;
and F;1; only differ by a constant on the overlap. This puts the sum
in a form that telescopes:

i Froa (7 (k1)) = Fraa (7(ti41))] — [Bi(y(8)) — Ei(n(t:))]}

=0
Eq(7v(b)) — Fa(y(b)) — Fo(v(a)) + Fo(y(a))
0 (since y(b) =#(b) and y(a) = 1(a)).
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CASE2: 90y = 0 = 9J1. Then <y(a) [resp. y(b)] may not equal
1(a) [resp. n(b)], but y(a) = v(b) and 5 (a) = 1(b), and we can take
F, = Fy, Dy = Dy. So the same calculation as in Case 1 works, except
the terms cancel in different pairs at the end. O

As above, let 7, 7: [a,b] — U be C° paths with 9y = o7.
II.C.9. DEFINITION. % is homotopic to # in U, written y ~ 7, if

there is a C* map

P: [a,b] x [0,1] = U
with ¢(t,0) = (t), ¥(¢t,1) = 5(t), and (writing ¢(f,5) =: Ps(t))
dPs = oy(=ay) Vs € [0,1].

hon - closed case u
%

Closed
Cose

II.C.10. THEOREM. Given vy, n§ homotopic and f € Fot(U), we have

/7 fdz = /}7 fi.

PROOF. Let I, P be partitions of [a, b] resp. [0, 1] and write I;, J;
for the subintervals and R;; := [; X J;. By uni-
form continuity there isan e € (0,d(y¢(R), U°))
such that l[)(R,]) C D(l[)(ti,Sj),e) = D,‘j (Y1, ).
Clearly, 5, and v, are close together for each D;
j, and have the same “boundary” 9(-). So by the
Lemma, we have that | Yosg fdz = | b fdz=---= | ¢, fdz. This
does the job since 1y = v and ¢ = 7. O
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§ Simple connectivity.

Let U C C be open.

I1.C.11. DEFINITION. U is simply connected if every C° closed
path v C U is homotopic (in U) to a point, i.e. constant path.

Of course, this definition extends to Riemann surfaces as well as
manifolds of any dimension.

I1.C.12. NON-EXAMPLES. There are definitely loops that you can-
not contract to a point in the following pictures:

Subsets "8’ @ Riemann Surfrces

More specifically, C*, D}, C \ [—1,1], and the Riemann surface of
V/(z —a)(z — b)(z — ¢) are not simply connected.

I1.C.13. EXAMPLES. The following are simply connected:

(1) C itself, or € if you want something compact.

(2) Convex subsets: if z,w € U, then sz + (1 —s)w € U (Vs € [0,1]).
In other words, U is convex if it always contains the segment
connecting any two of its points.

(3) Star-shaped sets: These are more general than convex subsets.
U is star-shaped if there is a zyp € U such that U contains the
segments connecting zy to every other point of U.

(4) A disk is convex and star-shaped; C \ R« is star-shaped (with
zog=1),asis C\ {(—o0, —1] U [1,0)} (with zg = 0).

PROOF THAT C, CONVEX SETS, AND C \ R<( SATISFY II.C.11.
(i) Given 7: [a,b] — C closed, define ¢: [a,b] x [0,1] — C by

P(t,s):=(1—s)-y(t) (“contractionto0”).
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(ii) Let U be convex. We can contract -y to its own starting (or
ending) point:

Y(ts) i=s-v(a) + (1 —s)-r(t).

(iii) For C \ R< there are two methods:
1) ..
P < OR /? “ferd el
A T ey
Hstents Fo
L“f(m) = ¢ (s f‘ﬂq ) N G (o)
“ebau o 1

For the right-hand picture, writing () = r(t)el?*), we put
P(t,s) := (s-r(a) + (1 —s) - r(t))e!H09),
The key point is: 6(a) = 6(b), not just mod 27tZ, because y(t) can’t

go around 0. O

I1.C.14. REMARK. Homotopy of paths based at A and B is clearly
transitive. Furthermore, if U is simply connected, then for v ~ 7
(with 9y = [B] — [A] = an),

Y

Vi

-

is closed and homotopic to a point p. The homotopy ¥ can be visu-

{

alized as follows:

*_Y?QA-

can ccan

P (cm:h«b)
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Notice that ¢ takes the same value on the marked vertical segments,
since dys = 0 for every s. Thus ¢ of these two paths in the figure

above
[ ]

have precisely the same image, call it P. Composing ¢ with a func-
tion from [0,1]? to [a,b] x [0, 1] sending

\\_

= o |

I

ﬂ

S—

gives y ~ P ~ 1.
We conclude that in a simply-connected U, 0y = oy = 7y ~ 1.

Why are we doing this? To get the following corollaries to the
“homotopy Cauchy Theorem” II.C.10.

I1.C.15. COROLLARY. If U is simply connected, v C U is closed, and
f € #ot(U), then fvfdz = 0.

PROOF. In U any closed path < is homotopic to a point (i.e. con-
stant path 77), and [, fdz = 0 since 7'(t) = 0. O

I1.C.16. COROLLARY. U simply connected = any f € Fot(U)
has a global holomorphic primitive on U, namely

F(z) := / O F(w)dw (+ const.).

PROOF. F is well-defined because any two paths in U from zg to z
are homotopic in U by the remark. (Hence we may apply homotopy
Cauchy directly.) That F is differentiable with F' = f isas usual. [

Exercises
(1) Prove that every star-shaped set is simply connected.



