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ILE. The Cauchy Integral Formula

§ Reproducing holomorphic functions.

Let U be a region, D = D({p,R) a disk with closure D C U.
Choose a point zg € D, and let A = D(zp, ) be a disk with closure
A C D. Write 7 and 75 for the boundaries 9D and 9A (traversed
counterclockwise as usual) viewed as paths in U.

ILE.1. CLAIM. In U\ {zo} we have the homotopy 7y ~ ns of paths.

PROOF. Use the parametrizations

v(t) — 2o

t) = o+ Re! and t)=2zp+ 6

for t € [0,27]. Then the homotopy is

¥(s t) :=sy(t) + (1= s)5(h),
which maps [0, 1] x [0,277] onto the shaded area:

The black lines are traced out by ¢ when t is held constant, and
following them shows how the homotopy continuously moves one
loop to the other. O
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ILE.2. THEOREM (Cauchy Integral Formula). Forany f € #o¢(U),
and zy € D C D C U as above,

L[ S8 g fizy),

27t JaD Z — 2

(ILE.3)
PROOF. Applying the homotopy Cauchy theorem II.C.10 to

s(z) = LLZLEY ¢ s (o)
yields
/ gdz = [ gdz.
7 s

Since lim,_z, ¢(z) = f'(z0), setting ¢(zo) := f'(z9) makes ¢ € C°(D).
As D is compact, there exists B € R~ such that |g(z)| < B for every

zeD)\ {zo}. So
‘/ gdz

— fygdz:O,and
oo LS [ Gy [ S0,
Z— 2

')/Z—ZO ')/Z_ZO

0—0

gdz < L(#s ||g||,75 <2né-B——0

Applying homotopy Cauchy once more, we have

LE gz = ) [ L2 =) | S = 2mif)

v Z— 20 yZ—2Z s Z— 20

where the last step is by Proposition II.A.16 or direct integration. [l

So we can recover values of a holomorphic function inside a disk
from its values on the boundary. Ultimately, this is a consequence of
the “rigidity” implied by the Cauchy-Riemann equations.
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§ Holomorphic functions are analytic.

As above let f € Zo(U) be a holomorphic function on a region.
Fix zg € U and D = D(z, R) C U (with interior D), and again write
v = 0D. Thinking of z € D as another fixed point and w € 9D, the
Cauchy integral formula gives

_ 1 [ fw)
f(z)_ﬁfyw—zdw
1 fw)
L d

~ 27 Sy (w—z) — (z — z0)

1 f(w)(z —zp)"
/ME) 0/ dw

= o (w — zg)" 1
_ 1 f(w) n
L <2m'/7 (w— zO>n+1dw) e
(ILE.4) =) an(z—20)".
n>0

Notice that on ¢y we have |z — zp| < |w — z¢|, which makes the func-
tion series converge uniformly there; this justifies interchanging the
sum and integral. We could pull (z — zp)" outside the integral be-
cause it is constant with respect to the integration.

Now thinking of z as a variable, the power series (IL.E.4) is con-
vergent on D simply because the computation is valid there. This
establishes that its radius of convergence is at least R. The computa-
tion also shows that (II.E.4) represents f on D, and thus f is analytic
at zg. Since zp € U was arbitrary, this yields

ILE.5. THEOREM. #o(U) = on(U).

Of course, we already knew that analytic functions were holo-
morphic, but it took the Cauchy integral formula to prove the reverse

inclusion. Here are two immediate consequences:

ILE.6. COROLLARY. f € #of(U) = f is infinitely complex-
differentiable on U.

PROOEF. Follows from the Theorem and Cor. .E.9(a). L
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ILE.7. COROLLARY. Let f be holomorphic on U C C and zg € U. Set
ro := radius of convergence of the power series for f at z,

where we remind the reader that this power series is unique. Then

(a) ro = max{r | f admits a holomorphic extension to D(zo, r)}, and
(b) ro > d(zo,0U) (the distance from zy to the boundary).

PROOF. The power series is unique by the injectivity of #,, (see
Theorem 1.D.23). Certainly (b) follows from (a), and the “<” part
of (a) is immediate. The “>" part of (a) says that if f extends to
a holomorphic function on D(zy, r) then its power series at zy con-
verges there. But applying the argument leading to (ILE.4) to D =

D(zp,R) C D(zo,r) for any R < r, the radius of convergence ry is at
least R. As this is true for any R < r, we getrg > r. O]

I.E.8. REMARK. Here is a more explicit check of the lower bound
on rg in the general context of the last page. Since 7 is compact,
|f(w)] is bounded by some constant C there; moreover, |w — zg| = R
on 7. This gives the bound

1 f(w) 1 f(w)
= | L _gw|< —L(y)||—LA
1 C C
S 5 2R =

for every n > 0, whence

l—limsu |,V < lim < 1/’1—1 = 190 > R
n n—)oop " T nse \RY R 0="

II.LE.9. EXAMPLE. Given

f(2)

Z

‘ =Y Aulz—z0)",

Moz —w) a0
you would compute the {A,} and use the root test to find . Alter-
nately, just use Corollary ILE.7(a) = ry = min; |29 — &;]-
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§ Testing for holomorphicity.

IL.E.10. MORERA’S THEOREM. Let U be open, f € CO(U), and

dz =0
I
for all rectangles R C U. Then f € Jt£(U).

PROOF. By Proposition I1.B.4(a), the condition on f guarantees
the existence of a local holomorphic primitive F in a neighborhood
of every point. But then by Cor. ILE.6, these local primitives are in-
finitely differentiable, which means in particular that f = F’ is differ-
entiable (in a neighborhood of each point and thus in all of U). [

ILE.11. EXAMPLE. In (complex) algebraic geometry, there are in-
tegrals over complex manifolds which, by Morera’s theorem, are
shown to produce holomorphic functions as the complex structure
varies. The simplest case is a family of Riemann surfaces (algebraic
curves) over an open set U C C:

=V *
M-u\)M

- e

U

On each M., we can compute the period integral f(z) = | . Wz
where w, is a family of holomorphic differential 1-forms. Here z
is a (possibly local) coordinate pulled back from U; we also write w
for a 1-form pulling back to w; on each M.

Hop disks, or triangles, or . . .
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If we know that w A dz =: () is a holomorphic 2-form on the total
space M, then dQ) = 0. Taking any disk D C U with boundary
n = 0D, set

[':= Uzeyvz = 9 (Uzep?z) =: 0.
By Stokes’s theorem,

fre= ([ )= fa= L= Lo

certifying f as holomorphic by Morera.

§ Generalizations of the integral formula.

Let v C U be a C° path (not necessarily closed) in an open set,
andg: vy —+Ca continuous'? function defined on (the image of) .

IL.LE.12. THEOREM-DEFINITION. Define the Cauchy transform

f(z):= L%du)
Then f(z) € ot(U \ 7v), with derivatives
f(m)(z) = m!/ ﬂdw

v (ZU — Z)m+1 ’
PROOF. Note here that we don’t have to prove f is equal to any-
thing in particular, so there is no need for the Cauchy integral for-
mula. Pick any zp € U \ v, and set 7 := d(zp,0U U 7).

12This condition can even be relaxed.
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Forallw € vy and z € D(z, 1),

Z— Z

|z —zo| <7v <|w <1

w — 2y
Accordingly, developing
1 1 1 1

w—z (w—z))—(z—2z)) w—zy 1— 22

w—2zp
w_ZOkZO w — Zp

into a power series on 7y and multiplying by g(w) gives a uniformly
convergent sum, and we may write

_ k

_2/ _Zok+1 dw

k>0
g(w
=) (/ T%dw) (z—z0)f = Y a(z — zo)F
k>0 0 k>0
Hence f(z) is analytic at zg, with
" (z0) = milay = m! [ __sw)
fU"(zo) = mlay, = m! e ZO)dew. =

IL.LE.13. REMARK. The Cauchy integral formula could never repro-
duce a continuous function which wasn’t holomorphic, since by the
Theorem and proof above, such integral formulae apparently always
give holomorphic output. This leads one to ask whether there is a mod-
ified Cauchy integral formula for, say, C* functions.

Let g,h € C*(U) be smooth functions on a region in C, and I' C
U a compact subset with C! boundary. Stokes Theorem I1.B.6 says
that

fgdz+hdz // (gdz + hdz) = //(gd /\dz-l—g—hdz/\dz)



146 II. COMPLEX INTEGRATION

Applying this' in the setting where T' = D is a disk with zy € D,
g(z) = 22 (Fec(u)), and h(z) = 0, we get

// of dzNdz // of dz Adz D
D 9Z z— 2 6%0 D\Be(z9) 9Z Z — 20 '
B G,)
= — lim Mdz
€—0J9(D\Be(z0)) 2 — Z0

e(z0) = 0Be(20), this
Mdz — Md

using the fact that % of - 1Z

= lim
e=0.JCu(z0) 2 — 20 aD Z — Zp
: f(z)
=2 — - d
mtif (zo) S ——

The last equality here comes from the bound

£z) = fz0) £(2) - f(z0)

Ce Z—20 Z—2

< 27e

Ce
<27 ||f(z) — f(zo)llc, = O since fis C™.

Finally, using
dz Ndz = (dx +idy) A (dx — idy) = —2idx ANdy = —2idA
— Ldendz= Zaa=-Laa,
27

we may rewrite the above in the form

(ILE.14) Flzo) = ~ 1 / / of _dA

27t aDz—zo 0Z z — 2

This is the generalized Cauchy integral formula. Notice that we
need to introduce a term involving df /9z in order to be able to re-
produce a non-holomorphic function.

13Technically, we are applying it not on U but on U \ Be(z). Also, I will not
distinguish between the integral over D and the integral over D.
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§ The winding number.

A special case of Theorem II.E.12 is where ¢ = 1 and 1y is closed.
Here we shall assume that +y: [a,b] — U is at least piecewise C!, so
that we may write

(ILE.15) flz) = /, LI /ab 1)y

w—z y(t) —z

Now view z for the moment as fixed, and consider the related func-

tion 0
S /), t
F(s ::/ ——>—dt, s € |a,b].
© = 52 2,8
This is differentiable (with the obvious derivative) except at finitely
many points, and we can write

E(s):

2

2T 0(x() )] = e FOY(5) = F () ((s) ~ 2)

So F is on the one hand continuous, and on the other constant except

(possibly) at finitely many points. Thus it is constant (on [g, b]).

That is, we have'

— v(s) —z = Cet®)

— Ce"®) = y(b) —z = y(a) —z = CeF

N JF(0) — @) _ 0 _q

— f(z) = F(b) = 2mik, for somek € Z
1

By Theorem IL.E.12, f(z) € Zot(U \ ).

14The constant C here is nonzero because z ¢ 7 and 0 ¢ range of exp. Also,
y(a) = y(b) since 7y is closed.
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But holomorphic functions are continuous, and a 27iZ-valued
continuous function is constant on connected components. This brings
us to the

II.LE.16. DEFINITION. Let U C C be open, v C U be a closed
piecewise C! path, and z € U \ . The winding number of y with
respect to z is

1 1
11.E.17 W(vy,z) = — dw.
(ILE.17) (1.2) 1= 5~ [y ——dw

The argument above has proved the following:

IL.LE.18. PROPOSITION. W(y,z) is integer-valued, and constant on
connected components of U \ .

ILE.19. EXAMPLE. U = C,z = 0; y(t) = ™", t € [0,1] =

W(v,0) = =

1 1 27ine?mint
I =n,
0

p2mint
using (IL.E.15). This is just the case of a circular loop winding around
the origin n times.

ILLE.20. EXAMPLE. What can we say in general when U = C?
Since oy compact = < bounded, there exists R > 0 sufficiently
large that v C D(0,R). We can also assume (since L(y) < o0) that
R > % Now let z := 2R and write

1 1 Liv) || 1
2R)| = <
W(r,2R)] ’27Ti[,w—2Rdw‘_ 27 Hw—ZR

L(y)1
— 1.
27T R <

v

Since W(7,2R) € Z, it must be 0. By the Proposition, it is 0 on all of
(C\ )", the (unbounded) connected component of C \ y contain-
ing D(0, R) (and in particular 2R).
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IL.LE.21. EXAMPLE. Here are the values of W(+,z) on connected
components of C \ vy for a somewhat general choice of -y:

Together with the “strong” version of local Cauchy, the above
leads to a slightly different proof of the Cauchy integral formula.
(Note that the last Theorem, on which the material in this section is
based, did not use Cauchy’s formula.) Moreover, we get a statement
which permits more general paths:

IL.LE.22. THEOREM (Cauchy Integral Formula, v. 2.0). Let D be an
open disk, f € Hot(D), v C D a closed C' path,'® and zg € D \ . Then

1 /7 SE) e = Wi, 20) - f(z0).

27 Jy Z2 — 29

15The result actually holds without the C! assumption.
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PROOF. Write

_ f(z) = f(z0)
8(z) =" —
Since f is continuous, we have
(ILE.23) lim (z — z)g(z) = 0.
Z—Z0

By the “strong” local Cauchy theorem II.C.3, since zp € 7, and g €
Fot (D \ {zo}) satisfies (ILE.23),

1
0= 5o ﬁg(z)dz

1 f(2) dz 1 }{Mdz
v

T 2mi Jyz—zo  2miJyz—2g

1 z 1 dz
- LS a2 f(z) 5 [

Tt Jy 2 — 2 271 Jy Z — 20

O PN
27 Jy 2 — 20

— f(z0) - W(7,20)

which proves the result. O]

§ Entire functions.

An entire function is just an element of #o/(C).

IL.E.24. LIOUVILLE’S THEOREM. If f entire and bounded'® then f is
constant.

IL.LE.25. COROLLARY. If a function is entire and nonconstant, then it
is unbounded.

II.LE.26. EXAMPLES. cos, sin, exp.

I.E.27. COROLLARY (Fundamental Theorem of Algebra). Any non-
constant polynomial

P(z) =anz"+ - +a1z+ag (n>0,a, #0)

has a root in C.

16; . there exists C € R>p such that [f(z)| < C (Vz € C)
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PROOF OF COR. I1.E.27. Assume P has no root; then % is entire.
Writing
n bl bn
P(z) = ayz 1—}—;—|—---—|—— ,

Zn

we find that for any M > 0, 3R € R such that
|z| >R = |P(z2)| > M.

Hence $ — 0 as |z| — oo, and defining ($)(c0) := 0 therefore makes

% continuous on C. By compactness of C, % is bounded; and so

Liouville = I%is constant = P constant. X O

PROOF OF LIOUVILLE. By Cor. ILE.7, f entire = the power
series Y a;zk for f at 0 converges on all of C (rp = o0). So if all
ai,ay,...= 0in this expansion, then f = 4y is constant.

Let ygr = 9dDg, R > 0 arbitrary. Recall that the Cauchy integral
formula yields a power series expansion about any point in Dg; in
particular, about 0, we have

- 5 o | )

k>0 YR
Then
1 f(w)dw
lax| = 5— / T
27t | Sy wkt
1 f(w)
< — . L .
1 C
= E R_>—°°> Ofork >1.
Rk ]

A generalization of Liouville is the

IL.LE.28. PROPOSITION. If f is entire with polynomial bound
f(2)| < Clz[™ for |z[ = Ro >0,

then f is a polynomial of degree < m.
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IDEA OF PROOF FOR m = 1. We are given that |f(z)| < C|z| for
’Z’ > Ro. So

C-R C R
SR'Rk+1 - Rk—1 > 0

R 1)
o < g -2 | £

YR
for R > Rpand k > 2. O

The case m > 1 is an exercise.

ILE.29. REMARK. If you want to get rid of “for |z| > Ry”, then
make the bound instead |f(z)| < Cy + C1|z|" (Vz € C). This implies
the above bound with C =1+ Cy, Ry = Ccl)/ ™ since

2| > /" = [2]" > Co = (1+Cy)|z|" > Co+ Calz|™.

Exercises

(1) Compute (a) [, _; ez"dz, (b) [, _, A2, and (@) [}, _, <os(2) g,
You may use the local Cauchy integral formula (Theorem ILE.2),
the formula for derivatives in Theorem II.E.12, and partial frac-
tions — nothing on residues.

(2) Compute f‘ = |Z|d ||2 under the condition |a| 7& p. [Hint: make

use of the equations zz = p? and |dz| = ip%, as well as the
Cauchy integral formula and partial fractions; again, no residue
theorem, as we don’t yet have it.]

(3) (a) Show that the association f fT/ (where f is holomorphic)
sends products to sums.
(b)If P(z) = (z—aq1) - (z —ay), where ay, ..., a, are the roots,
what is P'/P?
(c) Let y be a closed path such that none of the roots of P lie on
7. Show that 5L f I;((j)) dz equals W(y,a1)+ -+ W(7y,an).

(4) Prove that for any simple closed C! path 7, there exists « € C
such that W(y, a) # 0. [See problem #3 on p. 118 of Ahlfors.]

(5) Prove the generalization of Liouville’s theorem in Proposition
I1.E.28.
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(6) If f(z) is holomorphic for |z| < 1 and |f(z)| < 1%|Z| there, find

the best estimate of | f(")(0)] that [the inequalities derived from]
Cauchy’s theorem will yield.



