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III.B. Multiply connected regions

The aim of this short chapter is to apply winding numbers to
reduce all closed contour integrals of closed differentials on a region
U to the computation of a period matrix which describes a pairing
between first homology and cohomology of U. For us this is more
important as a conceptual result; in practice we will not compute
these matrices.

§ Cycles and connectivities.

Let U be an open set in C which is the union of finitely many re-
gions. Recall that, denoting C1 k-chains by Ck(U), we have boundary
homomorphisms

0 ∂→ C2(U)
∂−→ C1(U)

∂−→ C0(U)
∂→ 0

satisfying ∂ ◦ ∂ = 0, and the singular homology groups of U are

Hk(U, Z) :=
ker(∂) ⊂ Ck(U)

im(∂) ⊂ Ck(U)
;

often we just write Hk(U). A k-chain in ker(∂) is closed, or a k-cycle.
Let hi(U) := rank(Hi(U)).

III.B.1. PROPOSITION. Let m be the number of connected components
of U. Then h0(U) = m.

PROOF. Write U = U1 ⊔ · · ·⊔Um for the decomposition into con-
nected components, and define a map

φ0 : H0(U) → Zm

by sending the class [p] of a point p ∈ Ui to the ith standard basis vec-
tor ei. This is well-defined since a path γ with ∂γ = p − q only exists
if p and q belong to the same Ui, and such path boundaries gener-
ate the equivalence relation ≡hom. For injectivity, if φ0(∑ np[p]) = 0,
then ∑p∈Ui

np = 0 for each i and so there exists a 1-chain γ “connect-
ing the dots” in each Ui, with ∂γ = ∑ np · p, whence ∑ np[p] ≡hom 0.
Since φ0 is obviously surjective, it is an isomorphism and we are
done. □
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In particular, we conclude that

U is connected ⇐⇒ h0(U) = 1.

Assume now that U is connected, and consider h1(U).

III.B.2. DEFINITION. The connectivity of U is the number of con-
nected components of Ĉ \ U (= Uc ∪ {∞}).

III.B.3. PROPOSITION. Let n denote the connectivity of U. Then we
have h1(U) = n − 1.

PROOF. Write the complement Ĉ \ U = V1 ⊔ · · · ⊔ Vn−1 ⊔ V̂n,
where V̂n is the unbounded component3 and we put Vn := V̂n \ {∞}.
For each i < n, let αi ∈ Vi be any point, and define

φ1 : H1(U) → Zn−1

[γ] +→ (W(γ, α1), . . . , W(γ, αn−1))

This is well-defined because γ = ∂K =⇒ W(γ, α) = 0 ∀α ∈ Uc

by (II.F.8). For injectivity, suppose W(γ, αi) = 0 (∀i < n). Then
W(γ, α) = 0 for any α in any Vi, since

• W(γ, z) = 0 for z in the unbounded component (cf. II.E.20), and
• W(γ, z) is constant on connected components of C \ γ (and each

Vi is contained in one such component).

Now use W(γ, α) = 0 (∀α ∈ Uc) =⇒ γ = ∂K =⇒ [γ] = 0, once
again using (II.F.8).

For the surjectivity, cover C with squares sufficiently small that
no square meets more than one Vi. (Let µ = mini ∕=j d(Vi, Vj), which
is > 0 as the Vi<n are compact, and use squares of side-length 1

2 µ.)
Let Wi be the union of (closed) squares meeting Vi; then Vi ⊂ Wi

while ∂Wi ∩ Vi = ∅ = Wi ∩ Vj ∕=i. Consequently ∂Wi ⊂ U and, by
considering integrals over the squares in Wi,

W(∂Wi, aj) = δij (i, j < n).

So the image of φ1 hits all the ei vectors and we’re done. □
3Recall that this is the component containing ∞. It is possible that this component
consists only of ∞, in which case Vn is empty.
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III.B.4. REMARK. Suppose n = 1 and γ ∈ π1(U, ∗) is a loop. Sub-
divide the plane into rectangles as above, and assume γ is rectan-
gular (which we can do without loss of generality). Then the union
of the bounded components of the complement of γ([a, b]) in C is a
“union of squares” S =

!Ri ⊂ U. Since ∂Ri ∼ 0, we can “remove”
squares from the outside of S until S is empty, moving γ (by homo-
topies) so that S remains the union of bounded components of its
complement. But S = ∅ =⇒ γc = connected open in C, and the
image of γ is something like

which is easily homotopied to ∗.

We may conclude from this Remark and the surjectivity of the
Hurewicz map (cf. II.F.10) that
(III.B.5)

U is simply connected ⇐⇒ π1(U) = {1} ⇐⇒ h1(U) = {0}.

Taking γi := ∂Wi from the proof of Prop. III.B.3, we see that

H1(U) = free abelian group on n − 1 generators [γi].

One can also show that π1(U) is the free group on these γi.4 Hence,
for any closed path γ in U, we have

(III.B.6) γ ≡
hom

n−1

∑
i=1

aiγi (in U), for some ai ∈ Z.

Finally, H2(U) = {0}, because there are no closed finite sums of
triangles. Otherwise, the union of these triangles would cover U,
hence U would be compact, a contradiction.

To get H2(U) nonzero, you first need to replace U by a compact
real 2-manifold M (e.g., a Riemann surface). Still assuming that this

4i.e. elements of π1 are the words in n − 1 generators. In contrast, for a compact
Riemann surface of genus g, H1(M) = Z〈γ1, . . . , γ2g〉, but π1(M) is the quotient of
the free group on γ1, . . . , γ2g by the relation [γ1, γg+1] · [γ2, γg+2] · · · [γg, γ2g] = 1.
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M is connected, it is said to be orientable if H2(M, Z) ∼= Z. In this
case H2 is spanned by the fundamental class [M], i.e. the class of a
finite triangulation of M.

III.B.7. EXAMPLE. Consider the manifolds obtained by identify-
ing sides of the square as shown:

The non-orientability of the Klein bottle can be checked by triangu-
lating it and checking that the boundaries of the triangles don’t can-
cel.

§ Periods of closed differentials.

So we have now had a more thorough look at chains and ho-
mology. Next we have to examine differential forms and (de Rham)
cohomology. Denoting

Ak(U) := C∞ k-forms on U,

the exterior derivative (cf. Chapter II.B) gives homomorphisms

0 d→ A0(U)
d→ A1(U)

d→ A2(U)
d→ 0,

We remind the reader that

• A0 denotes C∞ functions,
• A1 consists of expressions f dx + g dy (or F dz + G dz), and
• A2 consists of expressions H dx ∧ dy (or H dz ∧ dz),

where f , g, F, G, H ∈ C∞(U).
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Note in particular that d ◦ d = 0:

dF =
∂F
∂x

dx +
∂F
∂y

dy, d( f dx + g dy) =
!

∂g
∂x

− ∂ f
∂y

"
dx ∧ dy

=⇒ d(dF) =
!

∂2F
∂x ∂y

− ∂2F
∂y ∂x

"
dx ∧ dy = 0.

Thus it makes sense to define the de Rham cohomology groups of
U by

Hk
dR(U) :=

ker(d) ⊂ Ak(U)

im(d) ⊂ Ak(U)
=

closed forms
exact forms

Clearly

• H0
dR(U) = {constant functions} ∼= C,

and it is also true (but we won’t prove) that

• H2
dR(U) = {0} because all the 2-forms are exact.

Now ker(d) ⊂ A1(U) consists (by definition) of the closed 1-forms:

ω = A(x, y)dx + B(x, y)dy = f (z)dz + g(z)dz̄

(with A, B, f , g ∈ C∞(U)) such that

0 = dω =

!
∂B
∂x

− ∂A
∂y

"
dx ∧ dy =

!
∂g
∂z

− ∂ f
∂z̄

"
dz ∧ dz̄

(i.e., ∂B
∂x = ∂A

∂y or equivalently ∂g
∂z = ∂ f

∂z̄ ). In particular,

f (z) dz is closed ⇐⇒ f ∈ Hol(U);

these are the holomorphic 1-forms.

III.B.8. POINCARÉ LEMMA. Closed 1-forms are the same as locally
exact5 1-forms, i.e. those with a (not necessarily holomorphic) primitive in
a small disk about each point.

PROOF. Given ω locally exact, we may write in a neighborhood
of any point in U

ω =
loc

dF =
∂F
∂z

dz +
∂F
∂z

dz =: f dz + g dz

5Warning: this is not the same as global exactness, i.e. membership in d(A0(U)).
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for some C∞ function F on the neighborhood. But then ∂ f
∂z = ∂g

∂z , and
ω is closed in the neighborhood. Since the point was arbitrary we
have dω = 0 everywhere.

Conversely, given ω closed,

F(z) :=
" z

z0

ω

is well-defined on a small disk about z0 ∈ U, because (for γ = ∂Γ,
Γ ⊂ U)

"

γ
A dx + B dy =

"

Γ

!
∂B
∂x

− ∂A
∂y

"
dx ∧ dy = 0

by closedness. You can check by FTC that dF = A dx+ B dy = ω. □

III.B.9. THEOREM. The pairing

H1(U)× H1
dR(U) −→ C

([γ], [ω]) +−→
"

γ
ω

is well-defined. In other words,
!

γ ω = 0 if (i) γ = ∂K (i.e., γ ≡hom 0) or
(ii) ω = dG (ω globally exact).

PROOF. (i) Triangulate K, so that γ = ∑ ni∂τi; use local exactness
of ω to see

!
∂τi

ω = 0 (as in the proof of Poincaré).
(ii) Multivariate fundamental theorem of calculus:

"

γ
dG = G(γ(b))− G(γ(a)) = 0

since γ(b) = γ(a) (γ closed). □

Letting αj ∈ Vj and γi be as in the proof of Prop. III.B.3, consider
the forms

ωj =
1

2πi
dz

z − αj
.

Writing H1(U, C) := H1(U, Z)⊗Z C, since
"

γi

ωj = W(γi, αj) = δij,
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we see that the pairing

H1(U, C)× H1
dR(U) → C

is in fact perfect, so that the singular cohomology

H1(U, C) := Hom(H1(U, Z), C)

is isomorphic to H1
dR(U). This is a special case of de Rham’s theorem,

which says more generally that for a smooth manifold M

Hk(M, C) := Hom(Hk(M, Z), C) ∼= Hk
dR(M).

The upshot of all this (for our purposes) is the extremely simple
consequence of (i) in the last Theorem (applied to γ − ∑ niγi):

III.B.10. COROLLARY. Let U be a region with connectivity n, so that
H1(U) ∼= Z〈[γ1], . . . , [γn−1]〉 (free abelian group on n − 1 generators).
Then for any 1-cycle γ in U and closed 1-form ω ∈ A1(U) we have

• γ ≡hom ∑n−1
i=1 aiγi for some integers {ai}n−1

i=1 , and
•
!

γ ω = ∑n−1
i=1 ai

!
γi

ω.

This says that to know any closed-path integral of ω, you need
only know its periods

!
γi

ω over a homology basis. One can also
think of this result as generalizing the homology Cauchy theorem
from holomorphic 1-forms to all closed 1-forms.

Riemann initiated the systematic study of periods on algebraic
curves, and the modern theory most closely associated with it is
Hodge theory. There is also a fascinating article (available online)
called “Periods” by M. Kontsevich and D. Zagier, which shows how
they are really at the center of modern number theory as well.

Exercises
(1) Prove that the region obtained from a simply connected region

by removing m points has connectivity m + 1, and find a homol-
ogy basis.

(2) Show that a single-valued branch of
√

1 − z2 can be defined in
any region such that the points ±1 are in the same component of
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the complement. What are the possible values of
! dz√

1−z2 over a
closed curve in the region?


