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III.F. Residue calculus

§ Residues of functions.

Recall the setup for studying isolated singularities:

‘-
|\ £ ,

1 .
| Y

1

1

| . )
| < 4
l \\ >

— —

Any f € H#of(D*(zo,r)) may be expressed by Laurent series there:

f(z) =} an(z —z0)"

nez

III.LE1. DEFINITION. Res; (f) :=a_4

[I.E.2. PROPOSITION. For vy a small counterclockwise circle about z,
/ f(z)dz = 2miResy, (f).
v

PROOF. Since [, (z —z0)"dz = 0 for n # —1,

/7 Y an(z—zo)'dz =) _ a, A(z — 20)"dz = 2mia_y. -
nezZ nez

III.LE3. REMARK. f has a primitive in D* <= Res;,(f) =0

Rules for computing residues

(0) Brute force with Laurent series:

IIL.F4. EXAMPLE. Resy (Siffzz) — 1.

¢ ltz+5 4+ l4z+L 4
sinz (z—2/6+--)2  2(1-Z4...)

1

Sy (LR 145 L
S\z2 2z 2 3 22
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IILE5. EXAMPLE. Res, <ﬁ) = —

=

1 1 1
z2(z—2)2  z-2+2 (z—2)2

11 1
214+ %2 (z-2)?
1 —2 , (z=2)°
11-2+52 ) 12 ap

z_2)7 “G-22 z-2"

There’s a better method for the 2nd example.

In fact, here are six methods suited for various sorts of examples:

(1) f holomorphic at zg = Res;, (f (Z)> = f(z0).

Z—2Z

ILE6. EXAMPLE. Resy (“%G)) = logh

z—

PROOF OF (1). f(z) = bo+ b1(z — zp) + - - -, where by = f(zo).

Z—2Z0 Z—2Z(

z—z0)" (n=1)! °

(2) f holomorphic at zyp = Res;, <( f(z) ) _ [ (=)

[(;_Z)gsmz}o __ cos0 1

IILE7. EXAMPLE. Resg (SinZ) -

z10 ! — o o1
ILE8. EXAMPLE. Res, (-1 ) = =4Z = 1 (using £1 = 2
PROOF OF (2). Using Taylor’s theorem,
£(2) = f(z0) + f(z0)(z —20) + -+ fzi—)g)@( IR
hence%:....}.f((':i)l()z'!o)z_lzo_,_... =

(3) f has asimple poleatzg = Res,,(f) = lim,—;,(z — 20)f(2),
which we can compute via substitution or L'Hopital.

IIILE9. REMARK. Recall that f has a simple pole at zgp when the

Laurent series startsatn = —land a_; # 0.
iz . z—1)e™™* . iz
LE10. EXAMPLE. Res; (57 ) = lim, . C50 = lim, ; £ =
e i . e’z 1 . ez e _ i
5= 2 and Res_; (m) =lim,_, ; z— 21 2
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PROOF OF (3). f(z) =a_1(z—2z9) ' +holo. = (z—2z)f(z) =
a_1+ (z—zp)(holo.) = a_;. O

Here is another generalization of (1):

(4) If f has a simple pole at zg and g is holomorphic there, then
Res;, (fg) = g(ZO)ReSZO (f)

where we can compute Res;, (f) by (3) or another method. [See next
section for an example; the proof is an exercise.]

(5) f holomorphic at zg, f(z9) =0, f'(z0) # 0 =

Resz G) = e

[ILE11. EXAMPLE. Resg () = 4, since

4
dz
PROOF OF (5). Writing f(z) = b1(z — z9)(1 + h(z)) with h(zg) =
0 and / locally holomorphic,
1 1

&~ bz —z)

= 3%

3z
-1
(e ).

z=0

1 1
1—ht ) = “a " = — =
) V5T Fla)

0

(6) For z( a zero or pole of f with ord,,(f) = m,

Res;, (f'/f) = m.
ILF12. EXAMPLE. For { any 10th root of 1, Reso (40%) = 1,

since z'0 — 1 has a simple (order 1) zero at .

PROOF OF (6). From f(z) = ay,(z — z0)"™ (1 4 h(z)), with h(zp) =
0 and / holomorphic,

(z) = mam(z — 20)" (1 4+ h(2)) + am(z — z0)"H (z)

fa)_ m o, K 1\ _
= =t reae = R () = -
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§ Residue formulas.

For each of the results that follow, U C C is open,and v C U is a
closed path which is homologous to zero in U and avoids points where
the integrand is singular.

III.LE13. RESIDUE THEOREM.

fe U\ A{z1,...,2m}) = ?ifdz =27 3 W(7,zj)Resz;(f).
=1

]

PROOF. We use v =hom L W(7,2j)9D; C U\ {z1,...,2zm}, as
shown in the picture, and [, D, fdz = 2miRes; (f). O

III.LF.14. EXAMPLE. Referring to III.E.10,

€7TZ d 2 . R eTL’Z R eTL’Z
frarat =2 (e (55 R (55 )

i)

III.F.15. ARGUMENT PRINCIPLE. If f € JMer(U), then vy can have
nonzero winding number about only finitely many zeroes and poles of f.

Calling these zy, . . ., zm, we have

ﬁﬂ dz = 2mi i Wi(1, Z]')Ordzj(f)'

f j
PROOF. The proof of the first statement is the same as in IIL.E.15.
Now use (6) above and the Residue Theorem. [

MLE16. EXAMPLE. || B dz =2mi Y10 11 = 207i.

Z|=2 210—1
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III.LE17. GENERALIZED ARGUMENT PRINCIPLE. With the same de-
scription of zq, ...,z as in IIL.F.15,

f € Mer(U) f f .
= ¢ —gdz=2miy W(y,z;)ord; (f)g(z;).
{ge%f(m V Fe ; SO !
PROOF. Use (4), (6), and the Residue Theorem. [

IILF.18. EXAMPLE. 1022(2) g, — 27 2}21 (27110,

Z|:2 210—1

These are amusing exercises, but the real power of these results
tirst becomes evident from using them to compute real integrals:

[II.LE.19. EXAMPLE. Set
2

I := /oo de: lim ‘ S
—oo (x2+1)2 R—eo /R (2 +1)?
We will apply the residue theorem to the integral of
22
flz) = @112 € #0¢(C \ {i, —i})

over the closed path shown:

Notice that

/Cgfdz

since for |z| = R we have |22 + 1] > |z|> —1=R?> - 1. So

1= lim (jéRfdz—/Cgfdz> = Jim § fiz
= 27miRes;(f).

7R3 7R3
< 7Rl < -

— s 0,
(RZ=1)2  R¥—2RZ+1 Row
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To evaluate this residue we use method (2) above with n = 2:

writing
_Z2/(z+1)? _ F(z)
f(z) = (z—1)2  (z—1)%
we have
- o PG
p(z):m F(1):—Z:>ReSi(f):(2_1)!:_1

— [ =2ri (—fi) =1z

II1.F.20. DEFINITION. A closed curve 7y has an interior'® if W (+y, &) =
Oor1foreverya ¢ v, and Int(y) := {a € C | W(y,a) = 1}.

Let f € Mer(U) and g € Hor(U) for some open set containing
both 7y and Int(-y). Assume no poles or zeroes of f lie on 1.

III.LE.21. COROLLARY (of the Argument Principle). If -y has an in-
terior, then

! 7 I
%ﬁ%d‘z: Y ordy(f) = (#ofzeoesoff)_(#ofpoesoff>'

pelnt(y) inside y inside y

In the right-hand expression, the zeroes and poles are counted
with multiplicity (a pole of order 2 counts as 2 poles).

II.LE.22. COROLLARY (of the GAP). If 7y has an interior, then

s f gz = T oy (e

pEnt(7y)

Note that Cauchy’s integral formula is a special case of Cor. IIL.E22,
with f(z) =z — zo.

BThisisa slightly more general condition than being simple.
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§ Residues of differentials.

4

It sometimes makes more sense to write “dlog(f)” instead of

f}/((zz)) dz. Recall that this is 1ot necessarily d of some function log f.!*

We have the obvious properties

. 0}& _ f? +%’ — dlog(fg) = dlog(f) + dlog(g).

o dlog(af) = diog(f)
e dlog(f/g) = dlog(f) — dlog(g).

This goes beyond a mnemonic for logarithmic differentiation rules:
first, for the above Corollary of GAP, it expresses the fact that you are
recording how much log(f) (or arg(f)) changes around -y. But it also is
because of the following

IIILE.23. FACT. Residues of functions are not invariant under local
analytic isomorphism. Residues of differentials are.

Here Res;,(F(z)dz) := Res;,(F(z)), so they appear to be exactly
the same. But now substitute

z=z(w) = zo+ b1 (w —wp) (1 + h(w))
(with by # 0 and h(wp) = 0) and take Resy,:
o F(z) ~» F(z(w)) yields Resy, (F(z(w));
e F(z)dz ~ F(z(w))z' (w)dw, on the other hand, yields
Resy, (F(z(w))z' (w)dw) = Resy, (F(z(w))z' (w)).

Obviously, these can’t be the same in general.

III.LE.24. EXAMPLE. The simplest function with a nontrivial residue
is F(z) = a_1(z —z0) "', Let z(w) = zo + by(w — wy), z'(w) = by,
be our change of variable. Then F(z(w)) = a_1b; ' (w — wp) ™}, but
F(z(w))z'(w) = a_1b; ' (w — wp) ~'by = a_1(w — wp)~L. It's the sec-
ond expression whose residue remains equal to a_;.

W This is locally true, but need not be globally true on U.
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To see this more generally and conceptually, write
! f F(z(w))z (w)dw
v

27
- % iov F(z)dz = Res;,(F(z)[dz])

Resy, (F(z(w))z'(w)[dw]) =

where

'? \w‘t ()
200 -D-— %“’

So the differential works because it transforms like the differential in
the integral under change of variable.

Residue at co. Here we transform the differential into the local
coordinate at oo, { = 1 (+» z = g)

f)dz = F(Dd(}) = ~F(1),
where f (say) is meromorphic on C. Now assume f has finitely many

poles in C, so that for some € > 0, the only pole enclosed by C¢ (in )
is at { = 0 (if there even is one). Then

Rese(f(2)dz) : = Res; (—f (%) %) -
e (10190

gZ
_ 11\ 4
=5 - f(C) Z g
_ﬁ/cl/ef(z) : %9&'—’
= [ F(zyas (el
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where R = 1/e€. By construction Cr encloses all poles of f in C. But
then

Y Resy(f(z)dz) = ) _ Res,(f(z)dz) + Rese(f(2)dz)
peC peC
27U f( 2)dz + ( 27(1/ flz dz)
=0

and we conclude the

II.E.25. THEOREM. The sum of the residues of a differential on C is 0.



