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Putnam Practice Problems September 11, 2015

A1 2013 Recall that a regular icosahedron is a convex polyhedron having 12 vertices and 20 faces; the

faces are congruent equilateral triangles. On each face of a regular icosahedron is written a

nonnegative integer such that the sum of all 20 integers is 39. Show that there are two faces

that share a vertex and have the same integer written on them.

B1 2013 For positive integers n, let the numbers c(n) be determined by the rules c(1) = 1, c(2n) =

c(n), and c(2n+1) = (−1)nc(n). Find the value of

2013

∑
n=1

c(n)c(n+2).

A1 2012 Let d1,d2, . . . ,d12 be real numbers in the open interval (1,12). Show that there exist distinct

indices i, j,k such that di,d j,dk are the side lengths of an acute triangle.

B1 2012 Let S be a class of functions from [0,∞) to [0,∞) that satisfies:

(i) The functions f1(x) = ex−1 and f2(x) = ln(x+1) are in S;

(ii) If f (x) and g(x) are in S, the functions f (x)+g(x) and f (g(x)) are in S;

(iii) If f (x) and g(x) are in S and f (x)≥ g(x) for all x≥ 0, then the function f (x)−g(x) is

in S.

Prove that if f (x) and g(x) are in S, then the function f (x)g(x) is also in S.

A1 2011 Define a growing spiral in the plane to be a sequence of points with integer coordinates

P0 = (0,0),P1, . . . ,Pn such that n≥ 2 and:

– The directed line segments P0P1,P1P2, . . . ,Pn−1Pn are in the successive coordinate di-

rections east (for P0P1), north, west, south, east, etc.

– The lengths of these line segments are positive and strictly increasing.

[Picture omitted.] How many of the points (x,y) with integer coordinates 0≤ x≤ 2011,0≤

y≤ 2011 cannot be the last point, Pn of any growing spiral?

B1 2011 Let h and k be positive integers. Prove that for every ε > 0, there are positive integers m and

n such that

ε < |h
√

m− k
√

n|< 2ε.
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A1 2010 Given a positive integer n, what is the largest k such that the numbers 1,2, . . . ,n can be put

into k boxes so that the sum of the numbers in each box is the same? [When n = 8, the

example {1,2,3,6},{4,8},{5,7} shows that the largest k is at least 3.]

B1 2010 Is there an infinite sequence of real numbers a1,a2,a3, . . . such that

am
1 +am

2 +am
3 + · · ·= m

for every positive integer m?

A1 2009 Let f be a real-valued function on the plane such that for every square ABCD in the plane,

f (A)+ f (B)+ f (C)+ f (D) = 0. Does it follow that f (P) = 0 for all points P in the plane?

B1 2009 Show that every positive rational number can be written as a quotient of products of factori-

als of (not necessarily distinct) primes. For example,

10
9

=
2! ·5!

3! ·3! ·3!
.


