Lectures 01/27/20 and 01/29/20

Dr. Syring



Confidence Intervals

Suppose we have iid data X, ..., X, from a distribution P . Suppose 0 is a parameter of P . A 100(1 — a)% confidence

interval for @ is the interval (a, b) , composed of endpoints a and b such that

Pa<0<b)>1-a.

If this “coverage probability” is onlay approximate
Pa<6<b)=1-a

then we call (a, b) an approximate Cl for 6 .
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Example with derivation
X
— ~ NO,1).

., X, iid N(0, 1) . By Theorem 3.5.2 we know that X ~ N(0, o> = 1/n) , and that Z = \/1

Suppose X, ..

Then,
Pzgp <25z g =170

where z, denotes the 100a% quantile of the standard normal distribution, e.g. ®(z,) = a .

Using a little algebra and the symmetry of the normal distribution,
l=a=Pz,psZ5z21_4p)

[l

~

N

g

[\ )
[A
==
|



02X=21 42

ﬁ
[V

n

- 1
o <X+Zla/2\/j)
n

=

—P(Xza/z

P(X_Zla/z\/

S |~
IA



Other examples

X

-0
| t-interval for one sample: Suppose X, ..., X, iid N(0, o?) . Then, by Student’s Theorem 7T = s ~ t(n—1) and
N n

by similar algebra/symmetry

[\

2

- s - s

o _n—1 o n—1 C
l—a=P|X—1t,__, §0§X+t1_a/2\/n .

2. approximate z-, t-intervals for one sample mean: If X', ..., X, iid from a distribution with a finite mean and

variance then the CLT implies that for moderate n
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ILma=PlX=z) o\ =0=X+z1_4p

and

2 2
lmampPlx—' AlZ <o<i+m ! A=
1-ai2\ , =V= 1-ai2\ 5, |

For large n , convergence of the t-distribution MGF implies
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3. approximate z-intervals for population proportion: If X, ..., X iid Bernoulli(p) then the CLT implies

. p(1—p) ) p(1—p)

4. Two-sample Cl for difference of means: Suppose X, ..., X iid N(0y, 02) ,and Yy, ..
X—=Y— (64—0y)

., Y, iid N(0y, 6%) . Then,

by Student’s Theorem 7" = ~ H(n+ m — 2) where sp is the pooled sample standard deviation,

sp\1/n+1/m
) (n—=1)8%+(m—1)8%
ST = . Then,

P ntm—2

1—0c=P<X Y—t”+m 2SP\/1/I’Z+1/I’I’I<(9X 9Y<X Y+t"+m 2SP\/1/n+1/m)

5. One-sample interval for a population variance: Suppose X, ..., X, iid N(0, 02) . Then,
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Derivation of Two-sample CI for difference of means, Pooled
Suppose X, ..., X, iid N(0y,0%) ,and Yy, ..., Y, iid N(0y, o°) .
Then, by Theorem 3.5.2 (or Student’s Theorem)

X—=Y— (04— 0y

——— ~ N(0, 1).
0\/1/11 +1/m
And, By Corollary 3.3.1 (or Student’s Theorem)
n—18% (m—1)S3
(n— DSy . (m = 1Sy Y
5 s ~x(ntm=2).
o o

Further, these two r.v.’s are independent by Student’s Theorem. So, the ratio
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Further, this fraction can be algebraically simplified to

X—=Y—(0y—0y)

T= =——3
SP\/I/n+1/m

Then, to compute the coverage probability (derive the Cl) we have



SP\II/nJrl/m

= P(t,(n+m=2sp\[l/n+1/m<X—=Y—=(0y—0y) <t,_, n+m=2)sp\1/n+1/m)

=P(t,,(ntm—2)< <t _ypnt+tm=2))

= P(—(X=Y)+t, sn+m=2sp\1/n+1/m< —(Oy—0y) < —(X=Y)+1t;_,o(n+m—2)sp\1/n+1/m)
=PX—Y—t,,(n+m=2sp\[l/n+1/m>0,—0,>X=Y—1t,__5(n+m—2)sp\1/n+1/m)
= PX—=Y+t,,(n+m=2)sp\1/n+1/m<0y—0,<X—=Y+t,_ (n+m—2)sp\1/n+1/m)

where the last step follows by symmetry of the t distribution.



Derivation of two-sample Cl for ratio of variances

(n-1)S%

Suppose X, ..., X, iid N(0y, ai() ,and Yy, ..., Y, iid N(Oy, Y) By Student’s Theorem ~ )(z(n —1)and

UX

(m=1)8%

5 ~ Xz(m — 1) . Further, these two random variables are independent simply because they come from different

o
Y
populations. By the definition of an F random variable (see 3.6.2) we have

= ~Fn—-1,m—-1).
(m-1os | S0

n—l)a

(n—l)S ] [(m—1)5§ _Sia?,

Therefore,

l—a=PF, (n=1,m=—1)<F<F _, ,n—1m=1))
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or equivalently,

- P(Si/[Fl_a/z(n ~1,m = 1S3 < 2102 < S2I[F, 5 — 1 I)SY]).



- P(Si(/[Fl_a/z(n ~1m = 1)S3] < 2 lon < S2F,_ pm = 1,n 1)/5@).

where the last line is the most common form and uses the fact that F (u,v) = 1/F|_ (v, u) .



Approximate Cls

If we say a Cl is approximate we mean that the coverage probability is not exactly 1 — a . For example,

If X,,...,X, iid Bernoulli(p) then the CLT implies

7= —2L _ _ No..

\Np(1 = p)/n

So, for large n (like n > 30, or more precisely np, n(1 —p) > 8 ) we have a good approximation:

l—a=Pz,,<Z<z;_,5)

= P(p+2,,,\P(1 = p)n<p<p+z,_,,\p(l = p)/n).



