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Chapter 9

Measurable Metrics

9.1 Localizable measure spaces

Measurable metric spaces are a fundamental generalization of metric spaces.

The idea is to define metrics on measure spaces rather than sets. Doing

this is complicated by the fact that the metric axioms refer to individual

points, and so do not mesh well with measure space concepts. This difficulty

is met by reformulating the notion of a metric in terms of distances between

subsets rather than points, and then passing to distances between positive

measure subsets in the measurable case. The original pointwise concepts

are recovered as the special case where the measure is atomic, i.e., every

subset is measurable and every point has strictly positive measure.

This measure theoretic setting will be essential to our treatment of phe-

nomena related to differentiation in the next chapter. One hint of this

connection comes from Rademacher’s theorem (Theorem 1.41), according

to which Lipschitz functions on R
n are differentiable Lebesgue almost ev-

erywhere. But it becomes much more pronounced in connection with struc-

tures such as Dirichlet forms or Markovian semigroups, which are inherently

measure theoretic in nature. Although it is always possible to modify the

underlying measure space so as to convert the given measurable metric

into a pointwise metric (Corollary ??), this general fact is not particularly

helpful.

Let us start by identifying the measure spaces of interest.

Definition 9.1. A measure space (X,µ) is localizable if it can be parti-

tioned into a (possibly uncountable) family of measurable subsets Xλ such

that

(i) µ(Xλ) < ∞ for all λ

(ii) a subset A ⊆ X is measurable if and only if A∩Xλ is measurable
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for all λ

(iii) µ(A) =
∑

λ µ(A ∩Xλ) for every measurable A ⊆ X .

If we require the family {Xλ} to be countable, then this definition be-

comes equivalent to the notion of a σ-finite measure space. Counting mea-

sure on an arbitrary set is another special case. Perhaps these are the only

two cases of real interest, but there is no extra difficulty in working with

general localizable spaces.

The definition of “localizable” used here is slightly more restrictive than

the usual definition, but is essentially equivalent to it, in the sense that the

two definitions give rise to the same L∞ spaces. Indeed, our main reason

for considering localizable spaces is that their L∞ spaces are particularly

well-behaved. For instance, if X is localizable then L∞(X) is a Lipschitz

lattice in the sense of Definition ??.

Proposition 9.2. Let (X,µ) be a localizable measure space. Then

L1(X)∗ ∼= L∞(X), and [L∞(X)]1 is a complete lattice under the standard

partial order.

Proof. Let X =
⋃
Xλ be a partition of X verifying localizability. Since

each Xλ is a finite measure space, it is standard that L1(Xλ)
∗ ∼= L∞(Xλ).

Thus if φ ∈ L1(X)∗ is any bounded linear functional, its restriction to each

L1(Xλ) ⊆ L1(X) is realized by integration against some fλ ∈ L∞(Xλ)

with ‖fλ‖∞ ≤ ‖φ‖. Define f ∈ L∞(X) by f |Xλ
= fλ; then ‖f‖∞ ≤ ‖φ‖, so

integration against f is a bounded linear functional on L1(X) which agrees

with φ on every g ∈ L1(X) which is supported on a single Xλ. Taking

finite linear combinations, we deduce the same conclusion for any g which

is supported on a union of finitely many Xλ, and functions of this form

are dense in L1(X), so we conclude that φ agrees with integration against

f . We also have |φ(g)| = |
∫
fg dµ| ≤ ‖f‖∞‖g‖1 for any g ∈ L1(X), so

‖φ‖ ≤ ‖f‖∞. Thus we have an isometric embedding of L1(X)∗ in L∞(X).

But integration against any function in L∞(X) yields a bounded linear

functional on L1(X), and this is the inverse of the preceding construction.

So L1(X)∗ ∼= L∞(X).

For the second assertion, let {fλ} be any family of functions in the

unit ball of L∞(X). For any finite set of indices F = {λ1, . . . , λn} let

fF =
∨n

i=1
fλi

be their join. Then (fF ) is an increasing net in [L∞(X)]1
and so it converges weak* to some f ∈ [L∞(X)]1. In particular,

∫
A
fF dµ =∫

1A · fF dµ increases to
∫
A
f dµ =

∫
1A · f dµ for every finite measure

subset A of X . This implies that f ≥ fF almost everywhere, for every F .
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Conversely, if f ′ ∈ L∞(X) is any function which is greater than or equal

to each fF almost everywhere, then we have fF ≤ f ∧ f ′ ≤ f for all F , so

that ∫
A

fF dµ ≤

∫
A

(f ∧ f ′) dµ ≤

∫
A

f dµ

for all F and A. Since fF → f weak* this implies that f ∧ f ′ and f have

the same integral over every finite measure subset, and hence that they are

equal almost everywhere. Thus f ≤ f ′ almost everywhere and we conclude

that f is the least upper bound of {fλ} in L∞(X). The existence of meets

follows from the formula
∧
fλ = −

∨
(−fλ).

Measurable metrics will be defined in terms of the measurable subsets

of a localizable measure space, identifying two subsets if their symmetric

difference is null. I will use the phrase “measurable subsets modulo null

sets” to indicate this. Making this identification is equivalent to working

with functions in L∞(X) which take the values 0 and 1 almost everywhere,

since L∞ “functions” are also defined up to modification on a null set.

Together with Proposition ??, this equivalence yields a surprising com-

pleteness property for the family of measurable subsets modulo null sets.

Say that A essentially contains B if µ(B \A) = 0, i.e., A contains all of B

except for possibly a null set.

Corollary 9.3. Let (X,µ) be a localizable measure space. For any family

{Aλ} of measurable subsets of X there exists a measurable subset A of

X which essentially contains each Aλ and is essentially contained in any

measurable subset that essentially contains each Aλ. The set A is unique

up to modification by a null set.

Proof. Consider the characteristic functions 1Aλ
. These belong to

[L∞(X)]1, so according to Proposition ?? they have a join in [L∞(X)]1. If

this join took values in (0, 1) on a positive measure set then after resetting

it to be 0 on this set it would still dominate every 1Aλ
, contradicting its

characterization as the least upper bound. So the least upper bound of the

functions 1Aλ
has the form 1A for some measurable A ⊆ X . This set A

evidently has the stated property. It is unique up to null sets because any

other set with the same property would both essentially contain it and be

essentially contained in it.

By taking complements we can infer a similar statement about the ex-

istence of a maximal set essentially contained in each Aλ.
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The set A in Corollary ?? is the essential union of the Aλ. By a slight

abuse of notation, I will simply denote it
⋃
Aλ. For countable unions, or

in the atomic case, no apology is needed for this notation; in general, we

might have to modify each Aλ by a null set in order to arrange that their

essential union equals their ordinary union. Ditto for the term essential

intersection and the notation
⋂
Aλ.

9.2 Measurable pseudometrics

Now we can define measurable metrics. Given a localizable measure space

(X,µ), let PX denote the family of positive measure subsets of X modulo

null sets.

Definition 9.4. A measurable pseudometric on a localizable measure space

(X,µ) is a function ρ : P2

X → [0,∞) such that

(i) ρ(A,A) = 0

(ii) ρ(A,B) = ρ(B,A)

(iii) ρ(
⋃

Aλ,
⋃
Bκ) = infλ,κ ρ(Aλ, Bκ)

(iv) ρ(A,C) ≤ supB′⊆B(ρ(A,B
′) + ρ(B′, C))

for all A,B,C,Aλ, Bκ ∈ PX . It is a measurable metric if for all disjoint A

and B there exist nets (Aλ) and (Bλ) such that 1Aλ
→ 1A and 1Bλ

→ 1B
weak* in L∞(X) and ρ(Aλ, Bλ) > 0 for all λ.

A function ρ : P2

X → [0,∞] with the same properties is an extended

measurable pseudometric or metric. A localizable measure space equipped

with a measurable metric is a measurable metric space (mutatis mutandis

for measurable pseudometrics, etc.).

Just as in the pointwise setting, I will use ρ generically to denote distance

in any measurable pseudometric space. I will also use µ generically to

denote the underlying localizable measure.

Sometimes it is convenient to allow infinite distances, for reasons similar

to those discussed in Section 2.5. An additional reason for doing this in

the measurable setting is that other structures which naturally give rise

to measurable metrics may well produce infinite distances, when one part

of the space cannot be “reached” from another part, in some sense. This

happens in Wiener spaces, for example; see Section 10.8. (This phenomenon

is perhaps already seen in the pointwise setting with Riemannian manifolds,

for instance. If the distance between two points is the length of the shortest

geodesic connecting them, then the components of a disconnected manifold

should be infinitely far apart.)


