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The functional calculus

Let f: (a,b) — R.
Given a self-adjoint matrix A with spectrum in (a, b) diagonalized
by a unitary matrix U, that is,

A1 0
A=U10 X ...|lUu

we define the expression f(A) via the following formula.

f(A1) O
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Matrix ordering

We say A < B if B— A is positive semidefinite. Thatis, B— A > 0.
Given a self-adjoint matrix C diagonalized by a unitary matrix U,
written as,

A1 0
A=U10 X ...|lUu

C is postive semidefinite if each \; > 0.



Matrix monotone functions

Let f: (a,b) — R.



Matrix monotone functions

Let f: (a,b) — R.

We say f is matrix monotone if, for any natural number n € N,
and any pair of n by n self-adjoint matrices A and B with
spectrum in (a, b),

A< B = f(A) < f(B).
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Matrix monotone # classically monotone

Let f(x) = x3. The function f is monotone increasing on all of R.

Note,
(i1) <1
(1) -(11)=(53)

is positive semidefinite.
However,
F(1D)=0G3).F(31)=(%2)
but (&) —(44)=(31%) is not positive semidefinite since the

determinant is negative. Thus, x3 is not matrix monotone on all of
R.
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Matrix monotone functions exist

Let f(x) = —xL.

We will show f is matrix monotone on (0, c0).

Let X < Y with spectrum in the positive reals.

Let H =Y — X. Consider the function f(X + tH). By the
fundamental theorem of calculus

F(Y) - F(X) = /01 %f(X + tH)dt

So, it is enough to show that %f(X + tH) is postive semidefininte.



Matrix monotone functions exist

F(X + tH) — f(X)

9 E(X + tH) = fim

dt t—0 t
i X)) = (XY
t—0 t
i (X + tH)"Y(X + tH — X)X !
t—0 t
. (X + tH) " H(tH)X 1
t—0 t

= X 1HXx1.
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Matrix monotone functions exist

F(X + tH) — £(X)
_ o X :H)_l) —(=x7)
_ :I_: (X + tH)—l(; +tH — X)X !
_ th: (X + tH)—l(thl!L)X—1
£50 t

= X 1HXx1.

d .

Since, H=Y — X > 0, the derivative

%f(X +tH) = X THXL = (HY2X )y HY2Xx 1 > 0.

1

So, x~* is matrix monotone.



Lowner’'s theorem

Let H denote the upper half plane in C.



Lowner’'s theorem

Let H denote the upper half plane in C.

Theorem (Lowner 1934)

Let f : (a, b) — R be a bounded Borel function. The function f is
matrix monotone if and only if f analytically continues to H as
function F : HU (a, b) — H which is continuous on H U (a, b).



Lowner’'s theorem

Let H denote the upper half plane in C.

Theorem (Lowner 1934)

Let f : (a, b) — R be a bounded Borel function. The function f is
matrix monotone if and only if f analytically continues to H as
function F : HU (a, b) — H which is continuous on H U (a, b).
For example x'/3, log x and —% are matrix monotone on (1,2) but
x3 and e* are not.
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Lowner’s theorem in several commuting variables

Let H denote the upper half plane in C.

Theorem (Agler, McCarthy, Young 2013)

Let f : (a,b)? — R be a rational function. The function f is
matrix monotone when lifted to commuting tuples of matrices via
the functional calculus then f analytically continues to H? as
function F : H9 U (a, b) — H which is continuous on H% U (a, b)9.
The continuation of a matrix monotone rational function is in the
conformal analogue of the Schur-Agler class for the upper
half-plane, the Lowner class.
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Lowner’'s theorem

What is Lowner's theorem for functions of several noncommuting
variables?
Can we determine whether some expression with matrix inputs

f(X1,X2) = /X1 X2 + Xo X1

is matrix monotone in the sense that

X1 <Y1, X0 < Yo = (X1, X2) < f(Y1, Y2)?

We will now establish a framework for understanding power series
several noncommuting variables.
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Words

Let Z denote the set of words in the letters xq,...,xy. Let e
denote the empty word.

For example xix2 is a word in the letters x; and x».
So is X1 XoX2X1X1.
Note x3x2 #£ Xoxi.

Words carry an involution * which reverses their letters.

For example (x1x2)* = xox1.
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Free derivatives

The expression

FX)=> aX

ez

denotes formal free power series in d variables with coefficients
¢ € C.

The free formal derivative of f at X = (Xi,...,Xy) in the
direction H = (H, ..., Hy) denoted Df(X)[H] can be taken via
the following relations where x;(X) = X;.

On coordinate functions Dx;(X)[H] = H;,

Product Rule D[fg](X)[H] = (Df(X)[H])g + f(Dg(X)[H]), and
Linearity D[f + g](X)[H] = D[f](X)[H] + D[g](X)[H].

Thus, the derivative of ( Xy, X2) = X1.Xz is

Df(X)[H] = Hi1 X5 + X1 Ho.
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Example of free derivative

Let f(Xl, X2) =6X1X5 + 7X12 — 8X5.
The free derivative of (X1, X2) is given by the formula
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Example in one variable

Let f(x) =Y 00 aix'.
Taking the ordinary derivative f'(x) = Y22, ia;x'~! which for real
x is given by the formula:

*
1 dy dz as ... 1
X dp a3 a4
! —
f (X) = | x? a3 a4 as ... x2
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Example in one variable

Let f(X) =32 aiX".
The free derivative of f is given by the formula:

*

1 alH 32H a3H
X aH asH azH
Df(X)[H] = X2 a3H a4H 35H

X2



Example in one variable
Let f(X) =32 aiX".
The free derivative of f is given by the formula:
dy a2 as

d> a3 aa
d3 d4 as

*

X

Df(X)[H] = | x2

®
H

—_

)(2



Example in one variable
Let f(X) =32 aiX".
The free derivative of f is given by the formula:

dy a2 as
1\" a az as ... 1
X a3 as as ... X
pFXHI = [ x2| |7 T T ] | x
&
H

If the above power series converges on a neighborhood of I,
classically by theorems of Nevanlinna and Lowner, it was shown
that f is matrix monotone if and only if

a a2 as
dp a3 a4
d3 d4 as ... —
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Lowner’s theorem in several variables at 0
For X = (X1,...Xq), let || X|| = max; || Xi||.

Theorem (P., Tully-Doyle)
Let

FX)=> aX

ez

be a free power series in d variables which converges absolutely for
all X such that || X|| < d + €. The function f is matrix monotone
on the domain of convergence, that is,

Vi<i<aXi < Yi = f(X) < f(Y),

if and only if for each n, f analytically continues as a function on
d-tuples of n by n matrices over C with positive imaginary part
(where Im W = (W — W*)/2i) so that

Vlgigdfm Zi>0=1Im f(Z) > 0.



Coefficient condtion at 0

The Lowner theorem is proven using the following result.

Theorem (P., Tully-Doyle)

Let
FX)=>ax

IeT

be a free power series in d variables which converges absolutely for
all X such that || X|| < d + €. The function f is matrix monotone
on the domain of convergence if and only if each xi-localizing
matrix

C* = (croxus) 1 sez

is positive semidefinite.
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Models and the localizing matrices

In fact,

d

DF(X)H] = (X"icz(rsxuuHi)1sex(X) ser.
k=1

Let my = (X')jez. If each Ck = (crexes)1,0ez > 0, the form of the

expression
Ck

X)[H] = Z my @ mx
Hy
implies that if each Hyx > 0 then Df(X)[H] > 0.
Expressions for the second derivative similar to the above have
been used by Helton and McCullough to understand free convexity
and positive polynomials.



Models continued

Finally, via some relations in free analysis and by taking the square
root of each Ck we obtain

d (Ck)1/2 / (Ck)1/2
FX)-FV)=>_my © ® ®  mx,
k=1 / X — Yk /

which can be used to derive the analytic continuation of f via a
lurking isometry argument.
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Localizing matrix positivity

Let

F(X)=> axX

ez

be a free power series in d variables which converges absolutely
and is matrix monotone for all X such that || X|| < d +e.
To show Ck = (cr+x.s)1,5e7 > 0, we show that for any X with
IX|I < 3.

PxC*Px >0

where Py is the projection onto the vector space

Vx ={d e AT)|0=> dXx'}".

The Vx are finite dimensional and their union over || X|| < 1 is
dense in 12(Z).
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Localizing matrix positivity |

Let mx = (X')jez. Fix X with || X|| < 3.

Let A, B € B(I*(Z)).

A B
If for every H, my ® mx = my ® mx,
H H
then Px(A — B)Px = 0 where Px is the projection onto the vector

space
Vx ={d e A(T)|0=> d X'}
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Localizing matrix positivity IlI

Thus, given a power series

F(X)=>axX

e

which converges absolutely and is matrix monotone for all X such
that || X|| < d + € to show

C* = (crx ) ser > 0

we merely need to find a specific Cfé such that

Px CxPx = PxCkPx.

This is a finite dimensional problem since Px is a projection onto a
finite dimensional vector space.
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Local argument

Let

FX)=>_ax!

IeT

which is matrix monotone for all X with || X|| < d + €. Let
mx = (X')jez. Fix X with | X| < 1.
The derivative at X

Df(X) : M,(CT)? — M,(C)
preserves the positive cone by matrix monotonicity, that is,

H >0 = Df(X)[H] > 0.



Local argument I

Furthermore, the map Df(X) is completely positive in each
coordinate, where a linear map L : M,(C) — M,(C) is completely
positive if the extension of L to M, via the formula

L(A® B)=L(A)® B

on elements of the form A® B for A € M,(C), B € M,(C) and
extended by linearity otherwise.
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A completely positive linear map L : M,(C) — M,(C) can be
written in the form

n2
L(H) = ViHV;
i=1

where V; € M,(C)
So by the Choi-Kraus theorem,
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for some matrices V; 4.



Local argument [lI

Theorem (Choi, Kraus)
A completely positive linear map L : M,(C) — M,(C) can be

written in the form ,
n
- S vi
i=1

where V; € M,(C)
So by the Choi-Kraus theorem,

X)H] = ZZV kHiVik

k=1 i=1

for some matrices V; x.Via an algebraic reduction, the V; , can be
chosen to be the values of free polynomials v; , at X.
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So,
Df(X)[H] = ZZv,k(x *Hyvi ke (X)

k=1 i=1
for some free polynomials Vi k-

lk
Note vi i (X) = @ mx =)z dix, di 1 X!, for some

/
Uik = (dik1)iez € I?(T). So,

X)[H] = ZZ <IX> mx | He ® mx
/

k=1 i=1 /



Local argument V

So,
ZI 1 U, ku/ k

X)[H] = me mx.



Local argument V

So,

P
ZI 1u’ku/k

X)[H] = Z my mx.
Hk
Note, that Px CKPx = Px 327" u; kuf Px > 0 since

Ck

d
X)H =3 mg @ mx
k=1 Hk

and so we are done.



Local argument V

So,

P
ZI 1u’ku/k

X)[H] = Z my mx.
Hk
Note, that Px CKPx = Px 327" u; kuf Px > 0 since

Ck

d
X)H =3 mg @ mx
k=1 Hk

and so we are done.



Coefficient condition

To revisit the coefficient condition, we can relax the original
theorem.

Theorem (P., Tully-Doyle)

Let

F(X)=>axX

e

be a free power series in d variables which converges absolutely for
all X such that ||X|| < e. The function f is matrix monotone on
the domain of convergence if and only if each xy-localizing matrix

Ck = (crox)1ser

is positive semidefinite in the sense that for each finite subset
JCcI
k
Cr = (crxa)ises = 0.



Example
Can we determine whether the function

f(X1, X2) = VX1 X0 + Xo Xy



Example
Can we determine whether the function
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is matrix monotone in the sense that

X1 < Y1, X < Yo = f(X1,X2) < f(VY1, Ya)?
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to expand (X, X2) at the point (1,1).
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Example
Can we determine whether the function

f(X1, X2) = vV X1 X0 + X2 X1
is matrix monotone in the sense that
X1 <Y1, X <Yy = (X1, X2) < f(Y1, Y2)?
We computed the following submatrix of the x; localizing matrix
< Ga Cax )
Cox; Cxoxixo
.By expanding using the relation

1 1 1
\/1+a:1+§a—§a2+ﬁa3+...,

to expand f(Xi, X2) at the point (1,1).We got
3

35

which is not positive semidefinite. So, f is not matrix monotone.
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